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1. Introduction

The simple Hurwitz number H, ,(pt) counts genus g branched covers of CP' with simple ramification, except for the
ramification profile g = (w1, 2, ..., i) over co. The monodromy of such a branched cover associates a transposition in
the symmetric group S, to each simple branch point, where || = 1 + 2 + - - - + pq. The product of these transpositions
is necessarily the inverse of the monodromy permutation associated to oo, which has cycle type u. Conversely, the Riemann
existence theorem guarantees that any such factorisation in the symmetric group corresponds to a branched cover of CP'
with the desired ramification data. _

The monotone Hurwitz number H, ,(u) counts those factorisations in the symmetric group enumerated by H, »(p) that
satisfy an additional constraint. We require the transpositions (a; by), (az bz), ..., (am bp) of the factorisation to satisfy
the property of monotonicity — namely, that when the transpositions are written with the convention that a¢; < b;, then
b; < b, < --- < by. The monotone Hurwitz numbers first appeared in a series of papers by Goulden, Guay-Paquet and
Novak, in which they arose as coefficients in the large N asymptotic expansion of the Harish-Chandra-Itzykson-Zuber (HCIZ)
matrix integral over the unitary group U(N) [1-3]. The monotonicity condition is also natural from the standpoint of the
Jucys-Murphy elements in the symmetric group algebra CI[S),].

In this paper, we prove that the monotone Hurwitz numbers are governed by the topological recursion of Eynard and
Orantin. The topological recursion was inspired by the loop equations from the theory of matrix models [4]. The topological
recursion takes as input the data of a spectral curve, which we take to be a Torelli marked compact Riemann surface C
endowed with two meromorphic functions x and y. The output is an infinite family of meromorphic multidifferentials w, ,
on C" for integers g > 0 and n > 1, which we refer to as correlation differentials.
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The coefficients of certain series expansions of correlation differentials are often solutions to problems in enumerative
geometry and mathematical physics. In this way, topological recursion governs intersection theory on moduli spaces
of curves [4], Weil-Petersson volumes of moduli spaces of hyperbolic surfaces [5], enumeration of ribbon graphs [6,7],
stationary Gromov-Witten theory of P! [8,9], simple Hurwitz numbers and their generalisations [10-13], and Gromov-
Witten theory of toric Calabi-Yau threefolds [ 14-16]. There are also conjectural relations to spin Hurwitz numbers [17] and
quantum invariants of knots [18,19]. These myriad applications raise questions such as the following: How universal is the
scope of topological recursion? What is the commonality among problems governed by topological recursion?

In order to state our result relating monotone Hurwitz numbers to topological recursion, define the following generating
functions, known as free energies.

o0

Fen(z1,22,...,20) = Z Ijlg,n(ﬂls W2y ooy ) Xy K2 Xl
M1 1250 in=1
Here and throughout the paper, we use the shorthand x; to denote x(z;). We will show in Corollary 13 that the free energy F; ,
is a meromorphic function on the n-fold Cartesian product C" of the spectral curve. This fact is used to prove the following
result, which had been previously suggested by Goulden, Guay-Paquet and Novak [1].

Theorem 1. The topological recursion applied to the spectral curve CP' with functions x, y : CP! — C given by

z—1
x(z) = 5 and y(z)= -z
z
produces correlation differentials whose expansions at x; = 0 satisfy
Jd 0 ad
wgn(z1,22, ... Zn) = —— - —Fen(z1,20, ..., Z0) A @ dX, @ - - - ® dx,,  for (g, n) # (0, 2).

0x1 0X 0Xp,

It was posited by Gukov and Sutkowski that spectral curves A(x, y) = 0 satisfying a certain K-theoretic criterion may be
quantlsed to produce a non-commutative quantum curve A(A 7). One can interpret A(A ) as a differential operator viax = x
andy = —hZ ay» and it is natural to consider the following Schrédinger-like equation [20].

AR, 7)Z(x,h) = 0.

Gukov and Sutkowski conjecture that the solution Z(x, h) possesses a perturbative expansion that can be calculated from
the spectral curve via the topological recursion. Conversely, they suggest that the Schrédinger-like equation may be used to
recover the quantisation A(A ). Quantum curves have been rigorously shown to exist in the sense of Gukov and Sutkowski
for several problems, including intersection theory on moduli spaces of curves [21], enumeration of ribbon graphs [22],
simple Hurwitz numbers and their generalisations [17], and open string invariants for C> and the resolved conifold [23].

The wave function Z(x, h) — also referred to as the partition function — assembles the free energies into a generating
function in the following way.

Z(x, h) = exp ZZ

g=0 n=1

th 2+n

Fon(z,z,...,2)|. (1)

Theorem 2. The wave function Z(x, h) satisfies the following equation, whereX = x andy = —h-Z.

X
Xy* +7+ 11Z(x, h) = 0.

Theorem 1 implies that the spectral curve for monotone Hurwitz numbers is glven by the equatlon Ax,y) =xy*+y+1,
while Theorem 2 implies that the quantum curve is given by the equation A(A 3) = Xy? + 7 + 1. These results extend the
collection of enumerative problems known to be governed by the paradigm of topological recursion and quantum curves
to include monotone Hurwitz numbers. They also provide a new analogue between monotone Hurwitz numbers and their
classical counterparts. It is possible to obtain further results by applying the general theory of topological recursion. For
example, the asymptotic behaviour of monotone Hurwitz numbers stores intersection numbers on the moduli space Mg ,
of stable pointed curves, while the string and dilaton equations imply additional properties of monotone Hurwitz numbers
— see Propositions 18 and 19, respectively.

The structure of the paper is as follows.

e In Section 2, we state the definition of the monotone Hurwitz numbers, the monotone cut-and-join recursion, and
a polynomiality result, all of which appear in the work of Goulden, Guay-Paquet and Novak [1-3]. We furthermore
derive some useful consequences.

e In Section 3, we briefly review the topological recursion of Eynard and Orantin as well as the related notion of a
quantum curve.
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e InSection 4, we prove Theorem 1, which relates the monotone Hurwitz numbers to the topological recursion of Eynard
and Orantin applied to a particular rational spectral curve. The result is deduced from the cut-and-join recursion and
polynomiality for monotone Hurwitz numbers.

e In Section 5, we explicitly calculate the wave function for the monotone Hurwitz numbers and prove Theorem 2.

e InSection 6, we apply the general theory of topological recursion to relate monotone Hurwitz numbers to intersection
numbers on M, , as well as to derive string and dilaton equations.

2. Monotone Hurwitz numbers
2.1. Definition and motivation

Classical Hurwitz theory studies the enumeration of branched covers of Riemann surfaces with prescribed ramification
data. As an example, the simple Hurwitz numbers enumerate branched covers of CP! with simple ramification except for
over co. More precisely, we have the following definition.

Definition 3. The simple Hurwitz number Hg (i1, U2, - .., 4a) is the weighted count, up to topological equivalence, of
connected genus g branched covers f : C — CP' such that

o the preimages of co are labelled py, ps, .. ., p, and the divisor f ~!(c0) is equal to w1p; + paps + - - - + inPys; and
e the only other ramification is simple and occurs over m = 2g — 2 + n + |u| fixed points.

We consider two branched covers f; : C; — CP'and f, : Co — CP! topologically equivalent if there exists a
homeomorphism ¢ : C; — C, such that f{ = f, o ¢. We count a branched cover f with the weight ﬁ, where Aut f
denotes the group of automorphisms of f.

Throughout this paper, we use the notation || = wq + u2 + --- + u, for an n-tuple of positive integers u =
(w1, 2, ..., 4n). The equality m = 2g — 2 + n + |u| is a direct consequence of the Riemann-Hurwitz formula.

By considering the monodromy of such a branched cover, one may associate to each branch point with ramification profile
A a permutation in S, with cycle type A. Furthermore, the monodromy permutations away from oo necessarily multiply
(when taken in the correct order) to give the inverse of the monodromy permutation over co. Conversely, the Riemann
existence theorem guarantees that there exists a unique branched cover with the corresponding ramification data, once the
location of each branch point is fixed. Therefore, the definition of the simple Hurwitz numbers may be rephrased in terms
of factorisations in the symmetric group in the following way.

Proposition 4. The simple Hurwitz number Hg n(it1, 2, ..., i) is equal to \,%r multiplied by the number of m-tuples
(01, 02, ..., on) of transpositions in the symmetric group S, such that

e m=2g —2+n+|ul;

e thecyclesof o100, 0--- 00y, arelabelled 1,2, ..., nsuch that cycle i has length u; fori=1,2,...,n; and

e 01,09, ..., 0p generate a transitive subgroup of S

The monotone Hurwitz numbers were introduced in a series of papers by Goulden, Guay-Paquet and Novak [1-3]. They
are obtained by adding a monotonicity condition to the definition of the simple Hurwitz numbers.

Definition 5. The monotone Hurwitz number Ijlgqn(ul, M2, ..., My) is equal to ﬁ multiplied by the number of m-tuples
(01, 02, ..., op) of transpositions in the symmetric group S, such that

e m=2g—2+n+|ul;

e the cyclesof 0y 00y 0 -+ - 0 0 are labelled 1, 2, ..., n such that cycle i has length w; fori =1,2,...,n;

® 01,0, ..., 0 generate a transitive subgroup of S,,; and

e if we write each transposition o; = (a; b;) with a; < b;,thenb; < by, < ... < by,

Remark 6. Note that the simple Hurwitz numbers and monotone Hurwitz numbers defined here may differ from those
appearing elsewhere in the literature by simple combinatorial factors. For example, the monotone Hurwitz numbers defined
by Goulden, Guay-Paquet and Novak [1-3] are related to ours in the following way, where Aut g denotes the set of

permutations of the tuple u = (w1, (2, ..., uy) that leave it fixed.
SO () = AOOM(u) x 12°
&1 &1 #Autp’

Our normalisation of the monotone Hurwitz numbers is particularly well-suited to our purposes.
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Example 7. Of the 27 factorisations in S3 with three transpositions, there are 24 that satisfy the transitivity property.

(12)0(12)0(13) (12)0(13)0(23) (13)0(13)0(23) (23)o(13)0(13)
(12)0(12)0(23) (12)0(23)0(13) (13)0(23)0(13) (23)o(13)0(23)
(12)0(13)0(13) (12)0(23)0(23) (13)0(23)0(23) (23)0(23)0(13)
(12)0(13)0(12) (13)0(12)0(13) (13)0(23)0(12) (23)o(12)0(23)
(12)0(23)0(12) (13)0(12)0(23) (23)0(12)0(12) (23)o(13)0(12)
(13)0(12)0(12) (13)0(13)0(12) (23)0(12)0(13) (23)0(23)0(12)

), we obtain Hp »(1, 2) = % = 4. Of these 24 factorisations,

Since all such products result in a permutation of cycle type (1 o

2
only the first 12 are monotone, so we obtain Hg »(1, 2) = ]3—2, 2

More generally, one can define double monotone Hurwitz numbers I?Ig,m,,,(x; M), which enumerate branched covers of
CP! with simple ramification except for the ramification profile A = (A1, A2, ..., A,,) over 0 and the ramification profile
= (1, U2, - .., Un) over co. The initial motivation for their study was the work of Goulden, Guay-Paquet and Novak on
the asymptotic expansion of the HCIZ matrix integral over the unitary group [3].

In(z; A, B) = f exp [—zN Tr(AUBU’])] du.
U(N)

The monotone Hurwitz numbers arise naturally as coefficients in the large N asymptotic expansion of % log Zn(z; A, B).
It is worth remarking that the monotonicity condition for Hurwitz numbers is also natural from tﬁ’e standpoint of the
Jucys-Murphy elements of the symmetric group algebra. These are defined as

Jo=QAQkK+Q2k)+---+(k—1 k) € C[Sq], fork=2,3,...,d.

A theorem of Jucys states that symmetric polynomials in the Jucys—-Murphy elements generate the centre ZC[S4] of the
symmetric group algebra [24]. .

If we remove the transitivity property from Definition 5, we obtain the disconnected monotone Hurwitz numbers Hg , (1t).
One can check that these are related to the Jucys-Murphy elements via the equation

[ [ i x Hy o) = [Cul bz J3. s - - Jiu)-
i=1

In this formula, m = 2g — 2 4+ n+ || as in Definition 5 and h,,, denotes the complete homogeneous symmetric polynomial
of degree m. The notation [C,] on the right hand side requires us to take the coefficient of the conjugacy class C, in the
subsequent expression. One can relate the connected monotone Hurwitz numbers to the disconnected ones by forming the
appropriate exponential generating functions and applying the exponential formula. This technique is applied in the proof
of Proposition 16.

Beyond making explicit the connection between monotone Hurwitz numbers and the HCIZ integral, Goulden, Guay-
Paquet and Novak deduce results for monotone Hurwitz numbers that have analogues in the classical theory of Hurwitz
numbers. The two that are of particular importance to us are the cut-and-join recursion and polynomiality, which we present
in the remainder of this section.

2.2. Monotone cut-and-join recursion

The classical cut-and-join recursion expresses a simple Hurwitz number in terms of Hurwitz numbers of lesser complex-
ity. The measure of complexity of the Hurwitz number Hg (pt)is m = 2g—24n+|p|, which is the number of transpositions in
the corresponding factorisation, or equivalently, the number of simple branch points in the corresponding branched cover.
So the cut-and-join recursion provides an effective recursion for computing simple Hurwitz numbers from the base case
Hp 1(1) = 1. Goulden, Guay-Paquet and Novak prove the following version of the cut-and-join recursion in the monotone
case.

Proposition 8 (Monotone Cut-and-join Recursion [1]). The monotone Hurwitz numbers satisfy the following recursion, where
S= {17 27 B n} and My = (Mi17 :u’izv B Mi,()forl = {il7 i27 B ik}'

n

m1Hg n(ps) = Z(Ml + i) Hgno1(pr + s fsyg1,9) + Z aB Hg_1.nt1(a, B, fs\(1y)
i=2 a+p=uq

+ Y > aBHg e, m)He ysa(By ).

a+pf=pnq 81+82=8
Iy=S\{1}

The monotone cut-and-join recursion can be proved in a similar way to its classical counterpart. One considers the effect
of multiplying both sides of the equation

(a1 b1)o(azby)o - o(amby)=0
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on the right by the transposition (a., byp,). If a,, and b, belong to the same cycle of o, then that cycle is cut into two in the
product o o (an by,). Otherwise, a, and b, belong to two disjoint cycles of o and these are joined into one in the product
o o (am bp). A careful combinatorial analysis of these cases produces the desired result.
We recall from Section 1 that the free energies for the monotone Hurwitz problem are the following natural generating
functions.
i -
Fen(z1,22, ..., 20) = Z Hg,n(llblv,U-L ---,Mn)anxgz Xﬁ”-

W12y in=1

Lemma 9. The monotone Hurwitz numbers of type (0, 1) are given by the formula I:IOJ(M) = (2") 72%(@ - The corresponding
free energy satisfies the equation %%,1(21) =2z.

Proof. The monotone cut-and-join recursion in the case (g, n) = (0, 1) reads

uHo () = Y ap Ho1(@)Ho(B).

a+B=pu

Writing ,quIOJ(u) = C,—1, we see that this i is precisely the recursion for the Catalan numbers. Given that the base case
1Hp 1(1) = Gp = 1is in agreement, we obtain Ho 1(w) = 1CM 1= (2“) 2 as required.
One then obtains the relation for the corresponding free energy via the flollowmg chain of equalities.

N 1=1T—4x
=3 o = 1

2X1

d
—Fo,1(z1) ZMHOl M)X1

=2Z.
ax
X1 —

The last two equalities follow from the well-known generating function for Catalan numbers and the spectral curve relation
z—1

Xx=5.

Proposition 10. For (g, n) # (0, 1), the free energies satisfy the following recursion, where the o over the final summation means

that we exclude all terms involving F 1.

3 oxx [0 3
1 — 2%121)%1 —Fg n(zs) = —Fg n—1(Zs\jiy) — — Fg.n-1(z
(1= 2012015 ~Fyn(zs) ;X] o | 3 Fen1(sn) = goFenmiEsm)

2

+ [X(fl)x(fz) Fy_1nt1(t1, 2, Zsm))}

ax(t) 9x(t2) tr=tyzy
d
+ Z [ Fg,, :+1(Z1,21)} [MaX]FgZ,UH(ZhZJ)]
g1+82=8
Iyj=s\{1}

M1 Mz Mn

Proof. Multiply both sides of the monotone cut-and-join recursion of Proposition 8 by the monomial x; and sum

over all positive integers (1, iz, .. ., Ly. There are three types of terms that must be dealt with.

e The left hand side yields terms of the following form.

ad
Z M]H(M] —xliF(Zl)
n=1 X
e The first term on the right hand side yields terms of the following form.

o]

D7 (pa+ ) Hpy + ) XK = ZMH WX+ X T

n1mi=1

X1X —_ —
:ZMH 11(]1_X;J.1)

X1 —Xj

X1X; d

0
= X — |:87)<1F(21) - @F(zi)] .
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e The last two terms on the right hand side yield terms of the following form.
o0

YY) apHe P = > apHa, B)x5x]

mi=la+p=p1 a,p=1

|:X(f1 X(t2)

2
——F(ty, fz)] .
ox(tq) 0x(t7) t1=ty=2;

After applying these transformations to the terms in the monotone cut-and-join recursion, move all terms involving Fo1in
the last line on the right hand side to the left hand side. The desired result then follows after substituting - 31 —Fp1(z1) = z1,
which is a consequence of Lemma 9.

1
2(p1+n2)”

Proposition 11. The monotone Hurwitz numbers of type (0, 2) are given by the formula Ho (i1, p2) = (Zli‘ll) (2!722)

Proof. Proposition 10 in the case (g, n) = (0, 2) reads

d XX d B
(1 =2x121)x1 —Fo2(21, 22) = 12 —Fp1(z1) — —Foa(22) | .
8X1 X1 — X 8)(2

Now substitute x = and Fo 1(z1) = z; to obtain

w2 (21.2,) = z21(z1 = (22 — 1)
Voxg 02— (z1 = 22122 — 21 — 22)

By the symmetry in Fy 5(z1, z2), we may write
(x 4x 0 )F (21.2,) = z1(z1 — 1)z — 1) 2(z1 — 1)(z2 — 1)
17— 27— | Fop2(21,22) =
0x1 0x, (71 =221z —21—22) (22 —2N2122 — 21 — 22)
(z1 — 1)z — 1)
(z1 —2)(z, — 2)

Consider the fact that —2% = Zof 1(2") x*, which follows from applymg [x - ] to the Catalan generating function used
in the proof of Lemma 9. Substitutmg this into the previous equation yields

9 9 1 o 2u1) 212
X|— +x0— | Foa(z1,20) = = E xHixh?
(18x1+ 2ax2) 0,2(21, 22) 5 . (Ml 1 X1 X,
H1.m2=1
from which it follows that

F = 241 2142 1 W1 M2
O,Z(Zlsz)Z Z it 2(in X2 .

iyl M2 H1+ p2)

M1 MZ

The desired expression for Ho 2(p1, p2) is obtained by comparing the coefficient of x; on both sides of this equation.

2.3. Polynomiality

One may observe the appearance of the central binomial coefficients ( ) in formulas for the monotone Hurwitz numbers

Ho 1(pn)and Ho 2(u1, ) above. In fact, this behaviour persists for all monotone Hurwitz numbers and we have the following
polynomiality result due to Goulden, Guay-Paquet and Novak.

Proposition 12 (Polynomiality of Monotone Hurwitz Numbers [2]). The monotone Hurwitz numbers may be expressed as

n

- 2L >
Hg n(p1, 2, ..., ) = 1_[ ( ‘1) X Pgu(pe1, 2, -+ s tn),

i=1 !

where f’g,n is a symmetric rational function. For (g, n) # (0, 1) or (0, 2), f’g,n is a polynomial with rational coefficients of degree
3g —3+n

The table below contains l3g,,, for various small values of g and n.
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(g.n) *gn(m,m,...,un)

O i[ui-w]
(0,2)  J(w1+p2)™!
(0,3) 1

(0,4)  2p1+2p2+ 23+ 214 + 1

(LD Ha—1)

(1,2) 5203 +2u3 + 2uapn — pa — 2 — 1)
(2.1)  55(10ut = 7u3 — 162 + 71 +6)

The polynomiality of monotone Hurwitz numbers endows a certain structure on the free energies Fy (21, 22, ...,2z,). In
order to state the result, write the polynomial Pg » in Proposition 12 as

finite

Pg.n(l'L]’MZa-uaan): Z Cg_n(al,az,...,an)[LT/LZZ~~-,LLﬁ".

ay,ay,....,an=0
Combining this notation with Proposition 12 and the definition of the free energies allows us to express them as follows.
finite ZM
1
Fg,n(zl,zL---’Zn): Z Cg,n(al’ az, ..., q HZ ( ) XM (2)
ay,ay,...,ap=0 i=1 puj=1
It is thus natural to define the auxiliary functions

dy) I\ /2 -1 3\2-2
- 5 (0= () B () - (5505

n=1 n=1

. . . . -1 1 2
The last equality here is obtained from the spectral curve relation x = 25 as well as the fact that —2%2= = Zio 1( “) XM,

used in the proof of Proposition 11. It is clear by induction that for all nozn—negative integers a, the function f,(z) is ratlonal
with a pole only at z = 2 of order 2a + 1. The table below lists the functions f;(z) for0 < a < 5.

a  fu2)
_2(z-1)
0 z—2
_ 22(z-1)
1 (z-2)
22(z—1)(2%422-2)
2 It
(z=2)
3 _ 22(z—1)(z*+1023 —62% —8z+4)
(z-2)
22(z—1)(284302° 4422 — 13623 +4822+24z-8)
4 - 9
(z-2)
5 _ 22(z—1)(z8+7427 +4422° —5682° —8602% + 132823 —3682% —642+16)

(z—2)11

Using these functions, we obtain the following corollary of the polynomiality of monotone Hurwitz numbers.

Corollary 13. For (g, n) # (0, 1) or (0, 2), the free energies can be expressed in the following way.

finite n
Fg,n(zl, 22, ---7Zn) = § Cg,n(al’ az, ---’an)l_[fa,-(zi)-
ay,az,....ap= i=1
In particular, Fg 1(21, 22, . . ., 2,) is a symmetric rational function in z1, z, . . ., zy with polesonly at z; = 2, fori= 1,2, ..., n

One may compare Proposition 12 with the classical case of simple Hurwitz numbers, in which the polynomiality result
takes the following form, where P , is a symmetric polynomial with rational coefficients of degree 3g — 3 + n.

noo
l,(,.
Hon(pr, o, - pn) = 28 =2+ n+ul)! x [ op X Peali o)

i=1 7
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The coeificient of pfl” Mgz -~ " in the polynomial Pg n(pt1, (2, . . ., 1a) is the following intersection number on the moduli
space Mg  of stable pointed curves.'

(_])3g73+nflal 1//;]1 ;2 e 1//,3” )L3g73+n7\a\-
Mg.n
This result is precisely the content of the celebrated ELSV formula [26]. It would be interesting to similarly determine an
ELSV-type formula for monotone Hurwitz numbers that gives an algebro-geometric meaning to the coefficients of Py , [2].
The general theory of topological recursion allows us to immediately deduce such a result in the case of the highest degree
coefficients. This forms the content of Proposition 18.

3. Topological recursion and quantum curves
3.1. Topological recursion

The topological recursion of Eynard and Orantin was initially inspired by the theory of matrix models [4]. It formalises
and generalises the loop equations, which may be used to calculate perturbative expansions of matrix model correlation
functions. As mentioned in the introduction, the topological recursion uses a spectral curve C to define meromorphic
multidifferentials wg , on C", for integers g > 0 and n > 1. More precisely, wg , is a meromorphic section of the line bundle
7 {(T*C) ® m3(T*C) ® - - - @ m,¥(T*C) on the Cartesian product C", where 7; : C" — C denotes projection onto the ith factor.

Input. The recursion takes as input a spectral curve, which consists of a compact Riemann surface ¢ endowed with two
meromorphic functions x and y, as well as a Torelli marking.> We require all zeros of dx to be simple and distinct from zeros
of dy. Extensions of the topological recursion to more general spectral curves have appeared in the literature, although they
are more involved than we need here [27].

Base cases. The base cases for the recursion are
wo,1(z1) = —Y¥(z1)dx(z1) and w0 2(21, 22) = B(21, 22).
Here, B(z1, z;) is the unique meromorphic bidifferential on C x C that

e is symmetric: B(z1, z2) = B(z2, z1);
e is normalised on the A-cycles of H{(C, Z): fA,.B(Zh -)=0;and
e has double poles without residue along the diagonal z; = z, but is holomorphic away from the diagonal: B(zy, z;) =

(jzl 332 + holomorphic.
-

The bidifferential B(z1, z;) is a natural construction that is referred to as the fundamental normalised differential of the

second kind on C. In the case that ¢ = CP', the bidifferential is given by the formula B(z;, z,) = (Sfl_fzz)zz.
Output. Define the multidifferentials w, , by the following recursive equation, where S = {1,2,...,n} and z; =
(Z,'1 s Zigs e s Z,'k) forl = {i], iz, ey lk}
wg.n(2s) = ZRES K(z1,2)| wg—1.n+1(2,Z, zs\(1y) + Z Wgy 11+1(2, 21) gy y1+1(Z, 7)) |- (4)
=o
o 81+82=8
1y=s\{1}

Here, the outer summation is over the zeros « of dx. Since we have assumed that the zeros are simple, there exists a unique
non-identity meromorphic function z + Zz defined on a neighbourhood of o € C such that x(zZ) = x(z). The symbol o over
the inner summation denotes the fact that we exclude all terms that involve wg ;. The kernel K appearing in the residue is
defined by the following equation, where o is an arbitrary base point on the spectral curve.?

foz wo2(z1, +)

K2 == o y@nae

1 For definitions of the moduli space M,  of stable pointed curves as well as the cohomology classes ¥; € H* (Mg »; Q) and Ay € H2 (M, ), see the
book of Harris and Morrison [25].

2 A Torelli marking of ¢ is a choice of a symplectic basis of Hi(C, Z).

3 Note that the numerator of the kernel here differs from that given in the seminal paper of Eynard and Orantin [4]. The modified kernel presented here
appears in various subsequent sources in the literature [27]. The two kernels yield precisely the same results, due to general properties of the correlation
differentials produced by the topological recursion.
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Problem Spectral curve

Intersection theory on moduli spaces of curves [4] X(z) = z* y(z)=1z
Enumeration of ribbon graphs [6,7] X(z2)=z+ % yz)=z
Weil-Petersson volumes of moduli spaces [5] x(z) = z? y(z) = %
Stationary Gromov-Witten theory of P! [8 9] x(z)=z+ % y(z) = log(z)
Simple and orbifold Hurwitz numbers [31,11,12,13] X(z) = zexp(—z") y(z)=1z2"
Gromov-Witten theory of toric Calabi-Yau threefolds [15] mirror curves

Enumeration of hypermaps [32]) X0)=2""+1 yzy=z
Spin Hurwitz numbers [17] X(z) =zexp(—z") y(z)=1z
Asymptotics of coloured Jones polynomials of knots [18,19] A-polynomials

The multidifferentials w, , have been referred to in the literature as both Eynard-Orantin invariants and correlation
functions. Since they are neither functions nor invariant under prescribed transformations, we will use the term correlation
differentials.

The topological recursion has found wide applicability beyond the realm of matrix models, where it was first conceived. It
is now known to govern a variety of problems in enumerative geometry and mathematical physics, with conjectural relations
to many more. The table below lists some of these alongside their associated spectral curves, with those yet to be rigorously
proven below the dashed line.

3.2. Quantum curves

Following the work of Gukov and Sutkowski, we use the correlation differentials produced by the topological recursion
to define free energies [20].

Z1 Zy Zn
Fg,n(zl,z2,---’zn):/ / / (Ug.n(zhzzw--,zn)-
p p p

We choose a point p on the spectral curve such that x(p) = co as the base point for each of the nested integrals [ 19]. The free
energies are in turn used to define the following wave function.

(o] (o]
Z(x, h) = exp ZZ

g=0 n=1

th 2+n

(z,z,...,2)

Note that the definition provided here applies only in the case of genus zero spectral curves. For higher genus, it has been
proposed in the physics literature that one should include non-perturbative correction terms involving derivatives of theta
functions associated to the spectral curve [19].

For a spectral curve of the form A(x, y) = 0, one can ask whether there exists a quantisation K(?,?) satisfying certain
conditions. First, this quantisation should be non-commutative in the sense thatX and y satisfy [X, ] = h. So it is natural for
the multiplication operatorx = x and the differentiation operator y=—hg; 8 ~ to be chosen as the polarisation. Second, A(A y)
should annihilate the wave function Z(x, h). So we call A(A ) a quantum curve if the spectral curve A(x, y) = 0 is recovered
in the semi-classical limit i — 0 and the following Schrédinger-like equation is satisfied.

AR, 7)Z(x,h) = 0.

Gukov and Sutkowski posit the existence of a quantum curve for a spectral curve C if and only if a certain K-theoretic
condition is satisfied — namely, that the tame symbol {x, y} € K,(C(C)) is a torsion class [20]. Note that this condition is
automatically satisfied when the spectral curve has genus zero. Moreover, they combine the calculation of the wave function
via the topological recursion along with the Schrédinger-like equation in order to solve for A order by order in powers of h.

A=A+ hA; + 1A, + - -

The paper of Gukov and Sutkowski demonstrates the efficacy of this quantisation process by calculating the first few terms
of A and using these to predict the form of the quantum curve in several cases of geometric interest [20]. This approach
amounts to performing quantisation by travelling the long way around the following schematic diagram.
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spectral curve top. recursion | corpelation differentials | integrate free energies
A(z,y) =0 Wg.n Fom
T
|
quantise ¥ A semi-classical limit y

\

quantum curve Schrodinger equation wave function

A(z,7) A(Z,9) Z(x,h) =0 Z(x,h)

The quantum curve has been rigorously established for several problems and their associated spectral curves, including
intersection theory on moduli spaces of curves [21], enumeration of ribbon graphs [22], stationary Gromov-Witten theory
of P! [28], simple Hurwitz numbers and their generalisations [17], and open string invariants for C> and the resolved
conifold [23]. The quantum curve for the A-polynomial of a knot should recover the g-difference operator that appears in
the AJ conjecture of Garoufalidis and Le that relates the A-polynomial to the coloured Jones polynomials [18,19,29].

4. Topological recursion for monotone Hurwitz numbers
4.1. Correlation differentials

In this section, we prove Theorem 1, which states that the topological recursion applied to the spectral curve CP' with
functions x, y : CP' — C given by

z—1

x(z) = =

and y(z)= -z

produces correlation differentials whose expansions at x; = 0 satisfy*

9 9 9
wg (21,22, ...,2n) = a—h@---g&,n(z],zb...,zn)dX1 dxy - - dxp, for (g, n) # (0, 2).
n

For the given spectral curve, the only zero of dx occurs at z = 2.° The local involution z — Z defined near z = 2 satisfies
X(z) = x(z), which leads to z = Zf—l.ﬁ In fact, since the meromorphic function x on the spectral curve defines a twofold
branched cover of CP!, this extends to a global involution on the spectral curve that exchanges the two sheets. Finally, recall

that the kernel of the topological recursion is given by
foz woa(z1, -)  dz 1
V() —y@Ndx(z) 71—z (z —2Z)dx(z)’
where we have chosen the base point o to be the point z = oo on the spectral curve.

With this information, it is straightforward to compute the correlation differentials w, , for small values of g and n.
Presently, we require the following calculations, the first two of which are the base cases for the topological recursion.

K(z1,2) = —

wo,1(21) = 71 dxq
dZ] d22
(z1 — )
8 dZ] de dZ3
(z1 —2Y(z — 2)%(z3 — 2)?

wo2(21,22) =

w0 3(21,22,23) =

w1,1(21) = % dz;.
Let us define
2 0(z1,22,...,27) = iii en(Z1, 22, ..., Zp) dXq dxy - - - dXp. (5)
’ 0X1 0Xy 0x,
Corollary 13 states that for (g, n) # (0, 1) or (0, 2), $2 x(z1, Z2, . . ., Z,) is a symmetric rational multidifferential on the n-fold
Cartesian product of the spectral curve with poles only at z; = 2, fori = 1,2, ..., n. Theorem 1 requires us to prove that

wg.n = 824 5 for (g, n) # (0, 2). For small values of g and n, the multidifferentials £2, , can be computed using the generating
function form of the monotone cut-and-join recursion of Proposition 10. This allows us to verify Theorem 1 for small cases.

4 Here and for the remainder of the paper, we omit the ® in the notation for multidifferentials, so that dx; dx; - - -dx, means dx; ® dx; ® - - - ® dx;,.

5 Eynard and Orantin refer to the zeros of dx as branch points [4]. Note that the meromorphic function x : CP' — C here has a branch point in the
classical sense at z = 0, which is not a zero of dx. So the point z = 0 on the spectral curve does not feature in the topological recursion.

6 The use of 7 to denote the local involution should not cause confusion, since complex conjugation plays no role in our work.
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Proposition 14. The correlation differentials satisfy wg n = $2¢ n for (g, n) = (0, 1), (0, 3), (1, 1) and
dxq dx;
(X1 — %)
Proof. As mentioned above, the correlation differentials w, , can be computed using the topological recursion. On the
other hand, the multidifferentials £2, , can be computed using the generating function form of the monotone cut-and-join

recursion. We discuss here only the most subtle case, which occurs when (g, n) = (0, 2). In the proof of Proposition 11, we
obtained the equation

w0221, 22) = R202(21, 22) +

xiF (21.29) = 21(z1 = 1)z, — 1)
Voxy 02T (71 -2z — 21 — 22)

20,2(21.22)

T d , which is used in the

One can divide through by x; and differentiate with respect to x, to obtain an expression for
following calculation.

20.2(21, 22) 1 .z 1 N ziz}
dxq dx; X —x2 z21-2n-2@n-z2-n)P (-2 azn-z1—-2n)
A 1
T =272 —2(z1 —2)?
dz; dz, 1

T dadi (21— )P
The desired result is obtained by multiplying both sides of this equation by dx; dx,.
We require one more preliminary result before commencing the proof of Theorem 1.

Lemma 15. For (g, n) # (0, 1) or (0, 2), the sum Fg 1(21, 22, . . ., Zn) + Fg.n(Z1, 22, . . ., 2) is holomorphic at z; = 2. In fact, the
sum is independent of z.

Proof. The proof relies on the functions fy(z), f1(z), f2(z), ... defined by Eq. (3). First, use the fact that fo(z) + fo(z) =
fo(2) + fo(;%) = —2 to deduce that for all k > 1,
_ a _
@) +ilZ) = X Vi-1(2) + fia(Z)] = 0.
Second, use the fact that fo(0) = —1 and the recursive definition of fi(z) to deduce that for all k > 1,

fk(o) =0.
Now apply these results to the expression for the free energies given in Eq. (2).

finite n
Fg.n(217227---,Zn)‘i‘Fg,n(El»Zz»~--»Zn)= Z Cg,n(alva2»~--»an)[fa1(zl)+fa1(fl)] Hfai(zi)
ay,ap,...,an=0 i=2
finite n
=-2 > Ga0.an....a0)][fu@)
ap,...,an=0 i=2

=2F;4(0, 25, ..., 2,).

Thus, the sum Fg (21, 22, . .., Zn) + Fg.n(Z1. 22, . . ., Z;) is independent of z; and hence, holomorphic at z; = 2.

4.2. Proof of Theorem 1

In order to prove Theorem 1, we adopt the following strategy, which has previously been used to relate enumerative prob-
lems to topological recursion on a rational spectral curve. For example, it has proved successful in the case of enumeration
of lattice points in moduli spaces of curves [6], simple Hurwitz numbers [11], and orbifold Hurwitz numbers [12,13].

e Write the underlying recursion for the enumerative problem - sometimes known as a Tutte or cut-and-join recursion
- in generating function form. This yields a relation between the free energies which, for the present case, appears as
Proposition 10.

o Take the symmetric part of the equation obtained, with respect to the local involution at each zero of dx. Express the
equation in terms of multidifferentials rather than functions, before taking the principal part at the zero of dx. Recall
that the principal part of a meromorphic 1-form £2(z) at z = « may be defined by

2 o, (6)
w
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e Add the equations obtained for each zero of dx and compare with the topological recursion. Use the fact that in the
case of a genus 0 spectral curve, the topological recursion given by Eq. (4) expresses each correlation differential as
the sum of its principal parts [ 12, Proposition 16].

The topological recursion for the spectral curve in question is given by the following equation, where S = {1, 2, ..., n}
and z; = (z,, ziy, - . .,z ) for I = {iy, iy, ..., it}

wgn(2s) = RSZS K(z1, Z)|:wg1_n+1(27 Z,Zs\(1y) + Z g, 11+1(2, 21) 0g, 1+1(Z, Zj):|-
= g1+82=¢
Iy=s\{1}
Proposition 14 asserts that Theorem 1 is true when (g, n) = (0, 1), (0, 3) and (1, 1). So to establish Theorem 1 in general,
itis sufficient to show that the multidifferentials £2, , satisfy the following equation for (g, n) # (0, 1), (0, 2),(0, 3)or (1, 1).

stable

$2g.n(zs) = Res K(z1,2) | Z2g-1n41(2.Z, Z5\(1)) + Y gz 2) 241412 7)

g1+8=¢
I=S\{1}

+ 30, [Ren-1(2, 251,02, 21) + Rg.n-1Z, Zs\(1. )w0.2(2, 2)]] -

Here, the word “stable” over the summation indicates that we exclude all terms involving §2¢ 1 or §2 . Note that we treat
the (0, 2) terms separately, since wg 2 # $20 2.
Our starting point is the monotone cut-and-join recursion, in the generating function form stated as Proposition 10.

(7)

3 oxx [0 d
1 —2%121) X1 —Fg n(25) = —F Z —Fg n-1(z
(1= 2021) %1 5 Fy.(29) ;M_Xi o, Fenm1Es0) = g =Fena(zs)

82
+ |:X(t1 x(t2) Fo_1nt1(ty, ta, ZS\{]}):| (8)

m ti=tr=,

d
+ Z [ Fg,, 1+1(Zl,21)] |:X18X1Fg2,[]+l(zl’zj):|~

811+82=¢
Iy=s\{1}
We apply the involution z; + Zz; to the equation above. More precisely, interpret both sides of the equation above as
meromorphic functions on C", the n-fold Cartesian product of the spectral curve. We pull back both sides using z; +— z;
acting on the first component of C".

N Soxix [0 _ 9
(1— 2X1Z1)X1TMFg,n(Zl7ZS\(1}) => ——Fen1(Z1, zo\iy) — 7 Fen—1(zi: Zs\(1.3y)

— x1 — X; | 0%q 0X;
i=2 )
+ [ x(t)x(t2) = Fg—1.n11(t1, t2, 25 1):|
[ ax(ty) ox(ty) £ R 9)
0 _
+ Z [Xngl |1|+1(21,Zl)] [Xlaxl gz,u|+1(21,Zj):|~
81+82=8¢
1=5\(1)

Now take twice the symmetric part with respect to the involution by adding Eqs. (8) and (9). The left hand side yields the
following, where we have used Lemma 15.

0 0
1—2x1z1)x1 —F; n(z 1—2x1z1)x1—F; 1(21, z
( 121) 18x1 g.n(zs) + ( 121) 13X1 on(Z1, Zs\(1})
d _ d
= (1 —2x1z1)x1 —Fg n(zs) — (1 — 2X1Z21)x1 —Fz n(21, 2
( 121) ]8x1 en(zs) = ( 121) ]8x1 o.n(Z1, Zs\(1})

0
= —2%%(z1 — Z1)—F, n(21, 2 )
1( 1 1)3)(1 g,n( 1 S\{l})

Similarly, the first term on the right hand side yields the following.

n
—2Xx1X; 0
> - —Fy no1(Zs\1y)
i=

X1 — X;j 0X;
S 1 i i

The second term on the right hand side yields the following, where we have used Lemma 15 to write Fy_1 41(2, Z, Zs\(13)+
Fe_1n11(Z,Z, Zo\(1y) = —2Fs—1,n41(2, Z, Zs\(1y) + G(2s\{1; ), for some meromorphic function G.

2
- 2| —————F,_ t1, ty, Z

1[3x(t1)8x(t2) g—1.n+1(l1, b2 sm])]t1 —z

th =2z4.
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Similarly, the third term on the right hand side yields the following. Due to the exceptional nature of the (0, 2) terms, we
consider them separately from the main summation. Again, we use the word “stable” over the summation to indicate that
we exclude all terms involving Fy ; or Fo 5.

stable

d _
- 2% Z |: Fg,, 1+1(21,21):| |:ang2.U+1(Z1,Zj)i|
1

811+82=¢
I=s\{1}

n
0 0 0
2 x1—Fo2(z1,z)) — x1—Fp.2(21, z; xX1—F; n_1(Zsviin) | -
+ 'Zz:[ 18)(1 0,2(21,Z) 13X1 0,2(Z1 z)] |: 13?(1 z.n—1( 5\{11)]

Now divide the resulting equation by —2x? 1(z1 —Z;) and apply -2 % 0x3 ‘e &[ ] dx; dx; --- dx, to both sides. Using the
definition of £2; , from Eq. (5), we obtain the followmg

1 9 X;
Qpnlzs) = ————— — | — = dx dx; 2 z 2, 21,21, 2
¢.n(Zs) Z —Z0dn [Z o [Xl(xl e P g 1( s\m)] + Q2_1041(21, 21, Zs5\(1))

stable
+ Z 2¢,.1+1(21, 21) g, 114121, ) — Zﬂg n-1(Zs\(iy) [$20.2(21, z1) — 90,2(21,Zi)]:|-
g1+82=¢ i=2
1y=s\{1}
Recall the definition of a principal part from Eq. (6) and the fact that a rational meromorphic differential is equal to the
sum of its principal parts. In our setting, §2¢ »(zs) is a meromorphic differential in z; with a pole only at z; = 2 and hence, is
equal to its principal part there. Now take the prmc1pal part of both sides of the previous equation at z; = 2 and recall that

the recursion kernel is given by K(z1, z) = Z‘ljz_lz = Z)dx(z)

n

0 Xi
¢ 1(zs) = Res K(z1,z — | ———dxdx 2 z 20— 2,2, 2
¢.n(Zs) Res (z4 )|:1222 ox [x(x—x,) e.n—1(Zs\(1} )] + g1, n41( S\(1})

stable n
+ Z 2g,.11+1(2, 21) 2g,.y1+1(Z, 7)) — Z Rgn-1(Zs\iy) [R0,2(2. 2) — 202(Z. Zi)]j|

81+82=8 i=2
IW=s\{1}
stable
_e;l((zl,z) ¢ 104102, Z, zs\(1y) + E 2¢,.11+1(2, 21) g, y1+1(Z, Z7)
- g1t+er=¢
IuJ=S\{1}

n

=Y R2en-1(z.25\1.) [R0,2(2, 2) — 20,2(Z, Zi)]:|~
=2

We have used here the fact that the first term on the right hand side of the first line is equal to zero, since the order two pole

of K(z1, z) at z = 2 is removed by the appearance of dxdx = (2;—62)2 dz dz.
Comparing this with Eq. (7), we see that it suffices to show that fori = 2,3, ...,n,

Rgn-1(2, 25\(1,3) [202(Z. 21) — 202(2, 2)] = Rg.n-1(2, 25\(1.1)) V02(Z, 21) + Rg.n-1(Z. Zs\(1.)) @0,2(2, Z3).
By Lemma 15, we have §2, n_1(Z, Zs\1,i}) = —$2g,n—1(Z, Zs\(1,i;)- The previous equation is then a consequence of the fact that
R202(2,21) — w0,2(2, z1) = $202(Z, i) — @0,2(Z, Zi).

dX] dX2

This is indeed true since both sides are equal to , and that completes the proof of Theorem 1.

5. The quantum curve for monotone Hurwitz numbers

5.1. The wave function

Whereas Corollary 13 allows us to interpret the free energy Fy (1, 22, . . . , z,) as arational function on the spectral curve,
we interpret it in this section as the formal power series
> -
Fen(z1,22, ..., 20) = Z Hg (g1, 1o, - .oy pn) XTXEZ - xET,

M1, 12, pin=1
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Substituting into the expression for the wave function in Eq. (1) yields the following.

00 00 p28—2+n 00 .
Z(x, h) = exp ZZ o Z Hg (11, f2, -+ s [hn) X*

g=0 n=1 ’ H1oH2 e =1

Given that the number Ijlg,n(u) is non-zero only form = 2g — 2 + n + |u| > 0, it follows that we may interpret the wave
function Z(x, ) as an element of Q[[xh~', A]].

Proposition 16. Let f(d, m) denote the number of monotone factorisations in Sy with m transpositions. The wave function satisfies

Zx =1+ ZLdé‘m) xipm—d,

d=1 m=0
Proof. Let f°(d, m) denote the number of monotone factorisations
01002000y =T

in S4 with m transpositions, such that o1, 03, ..., o, generate a transitive subgroup of S;. The definitions of the monotone
Hurwitz numbers and the free energies allow us to write

n!
[xd]ngyn(z,z,...,z) d'f (d,2g —2+n+d).
Therefore, we have the following expression for the wave function.

(xh—exp[zz (dm x4pm- d:|

d=1 m=0

d=1m=0 \ k=1 di+-+dp=d =1
my+-+mp=m

It remains to show that

f(d,m) = wzl‘ 3 H d“'"

dy4-+dp=d i=1
mq+--+mp=m

For a partition d; + d; + --- + dy = d, there are dd, ways to write {1, 2, ..., d} as the disjoint union of subsets

X1, Xa, ..., X, where X; has d; elements. There are f°(d;, m;) transitive monotone factorisations in the symmetric group
Sx; with m, transpositions. Therefore,

is the number of factorisations in S4 with m transpositions, whose terms can be separated into an ordered tuple of k transitive
monotone factorisations in Sx,, S, , . . . , Sx, with my, my, ..., m; transpositions, respectively. To each such ordered tuple of
k factorisations, one recovers a unique monotone factorisation in Sy with m transpositions. Simply arrange the transpositions
from all k factorisations in monotone order, while maintaining their relative orders within the original factorisations. There
exists a unique way to achieve this, since the transpositions from distinct factorisations commute with each other.

By performing summations over all positive integers k, all partitions of d with k parts, and all partitions of m with k parts,
we obtain the number of monotone factorisations in Sq with m transpositions, namely f(d, m).

Lemma 17. The number f(d, m) is equal to the Stirling number of the second kind { d+m ! }

ford > 1andm > 0.

Proof. We begin by showing that f(d, m) satisfies the recursion

fd,m)y=(d—-1)f(d,m—1)+f(d— 1, m). (10)

By definition, f(d, m) is the number of monotone factorisations in S; with m transpositions. Since there are d — 1
transpositions in S; of the form (a d) with a < d, the number of factorisations that contain at least one such term is equal
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to(d — 1)f(d, m — 1). To deduce the recursion above, one simply notes that there are f(d — 1, m) factorisations in Sy with
m transpositions that do not contain a term of the form (a d). Note that one can make sense of the recursion in the case
(d, m) = (1, 0) by defining f(0, 0) = 1.

Now consider the recursion for the Stirling numbers of the second kind.

BRI NE N

Writingn =d + m — 2 and k = d — 1, we obtain the equation

d+m-—1 d+m-—2 d+m-—2
I ] i R i | 2

Compare Eq;. (1q) and (11) and check that the base cases d = 1 and m = 0 are in agreement to conclude by induction that
fd,my={“"
5.2. Proof of Theorem 2

In this section, we prove Theorem 2, which states that the wave function Z(x, h) satisfies the following equation, where
X=xandy = —nhl.

Xy +7+ 11Z(x,h)=0
Take Eq. (10), multiply by 2

(d ]), ¢ and sum over d > 1and m > 0 to obtain
[e]

o dym—d
> d(d—l)f(d,m—l) df(d,m) +ZZf —1,m) xn T —0.
d=1

m=0 ’ d=1 m=0 d=1 m=0

We can then adjust the summation variables and use the operator 3 2 to write this as

fd m— fld me fld m—
2ﬁﬁzz m) dﬁ —-d _ 3XZZ dh d |:+ZZ dh di|20.

d=1 m=0 d=1 m=0 d=1 m=0

Multiplying through by % and invoking Proposition 16 gives
a2 d
[hz—h ] Z(x,h)=0.

After making the substitutions X = xandy = —h%, one obtains Theorem 2.
6. Applications
6.1. Asymptotic behaviour

Eynard and Orantin show that applying the topological recursion to the Airy spectral curve

2

X(z)=1z and y(z)=1z

produces intersection numbers on the moduli space Mg , of stable pointed curves [4]. More precisely, the correlation
differentials in that case satisfy

n
Az = )y yiyge g [ 20 Dida
15425+« s 4n 22g—2+4n | 1 2 n 2a;+2 .
lal=3g—3+n " Men i=1 z

1

They furthermore observe that the topological recursion depends only on the local behaviour of the spectral curve at the
zeros of dx. Due to the assumption of simple zeros, this behaviour can in turn be locally modelled on the Airy curve. The
upshot is that the asymptotics of the correlation differentials for any spectral curve is closely related to that of the Airy
spectral curve. In the case of the monotone Hurwitz numbers, this observation leads to the following result concerning the

leading order terms of the polynomial Py .

Proposition 18. If |a| = 3g — 3 + n, then the coefficient of ,ul uz et in I3g,,,(,u1, U2y oony M) iS

3g—3+n ap , a an
2 | wl PERRRE
Mg.n
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Eynard furthermore proposes an interpretation for the lower order behaviour of the correlation differentials in terms of
the intersection theory on a moduli space of “coloured” stable pointed curves [30]. In the present case of a spectral curve
with one branch point, the analysis involves only intersection numbers on the usual moduli space M; , of stable pointed
curves. It would be interesting to determine whether the relation is natural from the algebro-geometric viewpoint, since
such a result would constitute a monotone analogue of the ELSV formula [26].

6.2. String and dilaton equations

The correlation differentials produced by the topological recursion satisfy string equations [4].

n

_ i wg,n(ZS)
XHIZng Wz) g ni1(2, 25) = Xl:dz, o < ) )

n

d (X(zi) wg,n(zs)
; 1}:33 x(2)y(z) wgnt1(z, 25) = — Zdli 372, (dx(gz,)s) .

i=1

They are also known to satisfy the following dilaton equation, where d®(z) = y(z) dx(z).

D RS D(2) g n41(2.25) = (28 — 2 + 1) wg.n(25). (12)

Proposition 19 (String and Dilaton Equations for Monotone Hurwitz Numbers).

Pg‘n+l(_%, Ks) = 2|ps| Pg nlps)
Pg n+1(0, pg) — Pg.n+1(—%, Ks) = (28 — 2+ n) Py n(ps).
Observe here that the evaluations of ISMH at 0 and —% are well-defined, since ﬁg,nﬂ is a polynomial. The proofs for

the two statements above are similar in nature, so we discuss the dilaton equation only. For this, we require the following
residue calculation.

Lemma 20. Forintegersa > landd > —1,

fa(2) 1
R 28" qz=(=1 a+d+1 .
222s ZZ(Z — Z)d g ( 2)
Proof. Let the residue on the left hand side of the equation above be denoted by R, 4. We will prove the lemma by induction
on a. The base case a = 1 holds due to the following direct computation.

fiz) —2(z—1) = 11k k—d—3 1\d+2
Rig=Res ——————dz=Res ———————dz=Res | -2 —>)(z—2 dz = (—1)H+2,
M 2z —2) z=2 z(z — 2)4+3 z=2 + kX_;( 2 ) (=2)
One can deduce the lemma for Ry 1 4 from the statement for Ry 4, Ry ¢+1 and Rq 44+ by the following computation.
fa+1(2)
R =Res ————dz
=00 22(z — 2)
—z(z—1)

- 5225 dal2) z2(z — 2)d+1

z(z—1)
- 5225 Ju(2)d [zz(z - 2)‘1“]
(d+ 1)z —2)* + (3d +2)(z — 2) + (2d + 2)
- l}:ezs fal2) z%(z — 2)d+2 dz
= —(d+ 1)Rgq — (3d + 2)Rg,a+1 — (2d + 2)Rg 442

— (_1 )a+d+2
3 .
The second equality uses the inductive definition of f,(z) from Eq. (3), the third equality uses the fact that Resd(f g) =
Res (f dg +g df) = 0, and the final equality uses the inductive hypothesis. Therefore, the desired result follows by induction
ona.
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Proof of Proposition 19. Consider the left hand side of Eq. (12) with d®(z) = y(z) dx(z) = Zz;zz dz.

LHS = Re; D(z) wg ny1(2, z5)
zZ=

—Rezs d¢(z)/wg,n+1(l,zs)
z=

finite n
=—Resd®(z) Y Coani(@.01. 2. a)fo(2) [ [ dful2)
a,aq,day,...,ap= i=1
finite n
z—2
== Y Gualaana....a) [[dfu(2) Res fulz)—5~ dz
a,ay,ay,...,ap=>0 i=1 7=2 z
finite finite n
= Y G000, 0) = Y Conpa(@, a1, o, an)—3) | [ | dfl@)-
ap,ay,...,ap= a=0 i=1

The second equality uses the fact that Resd(f g) = Res(f dg + gdf) = 0, while the third equality uses Theorem 1 and
Corollary 13. The last equality uses Lemma 20 in the case d = —1 and the direct computation

z—2
Res fo(2) —3

Now consider the right hand side of Eq. (12).
RHS = (2g — 2 + n) wg n(zs)

dz =0.

finite n
=(2g-2+4n) > Gulaa....¢) [ [ dfaz)
ai,ay,...,ap= i=1

One may equate the coefficients of [ | dfy,(z;) on both sides of the dilaton equation to obtain the following.

finite

Cant1(0,a1,a, ..., an) — ZCg,nH(a, ar, Gy, ..., 6 (—3)" = (28 =24+ n)Cynlar, az, ..., ay).
a=0

Multiply both sides by u‘;l ugz -~ " and sum over g1, [z, . . . , iy to obtain the desired result.
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