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We consider an elementary, and largely unexplored, combinatorial problem in low-
dimensional topology: for a compact surface S, with a finite set of points F' fixed on
its boundary, how many configurations of disjoint arcs are there on S whose boundary
is F'?7 We find that this enumerative problem, counting curves on surfaces, has a rich
structure. We show that such curve counts obey an effective recursion, in the general
spirit of topological recursion, and exhibit quasi-polynomial behavior. This “elemen-
tary curve-counting” is in fact related to a more advanced notion of “curve-counting”
from algebraic geometry or symplectic geometry. The asymptotics of this enumerative
problem are closely related to the asymptotics of volumes of moduli spaces of curves,
and the quasi-polynomials governing the enumerative problem encode intersection num-
bers on moduli spaces. Among several other results, we show that generating functions
and differential forms for these curve counts exhibit structure that is reminiscent of the
mathematical physics of free energies, partition functions and quantum curves.
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1. Introduction
1.1. Summary and motivation

“Curve-counting” plays an important role in several areas of contemporary mathe-
matics. For instance, moduli spaces of curves are central to Gromov—Witten theory,
and zero-dimensional moduli spaces consist of a finite number of curves, which can
be counted. Such curve counts are used to define boundary operators in Floer
homology theories.
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In this paper, we “count curves” of a much simpler type. Consider a (real
2-dimensional) connected compact oriented surface S with boundary. We fix a finite
set of boundary points F' C 05 and count collections of curves on S — that is,
embedded 1-manifolds — with boundary F', according to the following definitions.

Definition 1.1.

(i) An arc diagram on (S, F) is a properly embedded collection of arcs C C S
with boundary F'.
(ii) Two arc diagrams Cy and Cs on (S, F) are equivalent if there is a homeomor-
phism ¢ : S — S, such that ¢|gg is the identity, and ¢(C7) = Cs.
(iii) If S has genus g and n boundary components, and F contains by, . . ., b, points
on the n boundary components of S, then the number of equivalence classes
of arc diagrams on (5, F') is denoted Gy (b1, ..., by).

Thus, an arc diagram simply consists of finitely many non-intersecting unori-
ented arcs connecting the points of F' in pairs, as in Fig. 1.

In this paper, we present several results about the numbers G, (b1,...,by,)
— and related numbers counting collections of curves of various other types —
including how they are related to “curve-counting” of the more advanced type.
Roughly, our main results say the following.

e The curve counts on a surface S can be given recursively in terms of curve counts
on surfaces of simpler topology.

e If we fix g and n, these curve counts exhibit quasi-polynomial behavior.

e The degrees of these quasi-polynomials, and their top-degree coefficients, are
closely related to moduli spaces of curves and in fact recover the intersection
numbers of 1-classes.

e The counts can be encoded in generating functions and differential forms and in
fact different types of counts can be obtained by expanding the same differential
form in different coordinates.

S=051,

Fig. 1. An arc diagram on (S, F'), with S = Sy 2, F = F'(4,6) and four complementary regions.
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e Various generating functions encoding these curve counts obey differential equa-
tions reminiscent of the mathematical physics of free energies and partition
functions.

These results are similar in spirit to a wide range of results on the topological
recursion of Chekhov, Eynard and Orantin [6, 15, 18]. There has been a great deal of
recent work demonstrating that many enumerative problems formulated in terms of
surfaces display similar phenomena: polynomiality, recursion and differential forms
and generating functions obeying physically suggestive equations. Such problems
arise, for instance, in matrix models [6], the theory of Hurwitz numbers [2, 4, 7, 17],
moduli spaces of curves [9, 28, 31, 32], Gromov—Witten theory [3, 13, 16, 19, 33|
and combinatorics [8, 12, 14, 23, 29].

We also note that the enumeration of isotopy classes of contact structures near
a convex surface in a contact 3-manifold essentially reduces to a similar question,
counting of arrangements of dividing sets on the surface (see e.g. [20, 22, 26]). The
notions of dividing sets and arc diagrams are however distinct.

On a disc, our counting question leads immediately to the Catalan numbers.
Our curve counts are thus an elementary generalization of the Catalan numbers
from discs to surfaces of general topology. (Other generalizations also exist, see e.g.
(12, 29].)

Despite being a straightforward combinatorial question that could have been
asked well over a century ago, we have not found many results about these curve
counts in the literature, beyond discs and annuli. Recently, Drube-Pongtanapaisan
in [11] counted a slightly different notion of curves on annuli, and Kim in [24]
counted non-crossing matchings and permutations on annuli.

In this introduction, we present an outline of the results in this paper.

1.2. Counts of curves on surfaces

As noted, G 1(2m) is the mth Catalan number. For small g and n, explicit formulae
for the G4 (b1, ..., b,) can be given as follows. The formulae depend on the parity
of the b;, and so we write b; = 2m; or 2m; + 1, with m; a non-negative integer,
accordingly.

Proposition 1.2. For any integers my, mo,ms > 0,

1 2
Go1(2m) = Cp = —< m>7 the mth Catalan number
’ m+1\m
(1)
2 2
Goa(am, 2my) = M2 e (3 (B @)
my + mso my ma

Go2(2mi +1,2me +1) = mi +mo + 1 my ma2

(2my +1)(2ma + 1) <2m1) <2m2)
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my ma2 ms3

(4)

2 2 2
Gos(2mi + 1,2ma + 1,2ms) = (2my + 1)(2ma + 1)(ms + 1)( m1> ( m2> ( m3>

my ma ms3
(5)
m?  5m 2m
Guatzm) = (25432 41) (31). )
The result for Gy 1(2m) is general knowledge. The special case G 2(2n,0) = (2:)

appears in a paper of Przytycki [34]; we are unable to find it elsewhere in the
literature. The result for Gy 2 was found by Kim [24, Theorem 6.2]; we were informed
of this result after posting the initial version of this paper. The other formulae, so
far as we know, are new. We prove the statements for annuli by direct combinatorial
arguments, which we develop in Sec. 3.

In each case above, G4, (b1,...,by) is given by a product of combinatorial fac-
tors of the form (*”"), multiplied by a symmetric rational function in the b; (or
equivalently m;); these factors and rational functions depend on the parity of the
b;. We show that the G, have a similar structure for all (g,n). In fact, the cases
(g,n) = (0,1) and (0, 2) are exceptional: for any other (g, n), we obtain polynomials
rather than rational functions.

Theorem 1.3. For (g,n) # (0,1),(0,2), Gg.n(b1,...,bs) is the product of

(i) a combinatorial factor (2;';) for each i =1,... ,n, where b; = 2m; if b; is even

and b; = 2m; + 1 if b; is odd; and

(ii) a quasi-polynomial Py, (b1,...,by), symmetric in the variables bi,..., by,
depending on the parity of bi,...,b,, with rational coefficients, of degree
39 — 3+ 2n.

(A quasi-polynomial f(x1,...,x,) is a family of polynomial functions depending
on some congruence classes of the integers z1,...,x,.)
Thus, for instance, if (g,n) # (0, 1), (0,2) and all b; are even, b; = 2m;, then

2 2m,,
Ggn(2my,...,2m,) = ( m1> ( mn )Pg,n(le,...,2mn)7

mi My

where P, ,, is a polynomial of degree 3g — 3+ 2n with rational coefficients; there will
be a similar expression (but with a different polynomial), for Gy, (2mq + 1, 2msy +
1,2ms,...,2m,); and so on.

The proof of Theorem 1.3 is effective: it provides a method by which such
formulae can be calculated for any (g,n).

The Gy, also satisfy a recursion, expressing the counts on a surface in terms of
counts on surfaces with simpler topology.
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Theorem 1.4. For integers g > 0, n > 1 and by,...,b, such that by > 0 and
b27"‘7bn 207

Gg,n(bla”wbn) = E Ggfl,n+1(7;7jab2w”7bn)
1,j>0
it j=b1—2

+ > 0kGgno1(by + b — 2,b2, . by by)
k=2

+ Z Z Z Gglam“'l(i’bI)G927|J|+1(j7bJ)'

1,720 g91,92>0 ITUJ={2,...,n}
i+j=b1—2 g1+g2=g
Any Ggn(bi,...,b,) can be computed by this recursion with initial conditions
Ggn(0,...,0)=1.

In particular, Theorem 1.4 implies that all G, are finite! The notation /b\k
means that by is omitted from the list bo, ..., b,. We will discuss the details of this
theorem, including the notation, in Sec. 6.1.

This recursion is not new: an identical recursion was written down by Walsh
and Lehman to enumerate rooted maps [35]. This result was rediscovered in the
context of the generalized Catalan numbers by Dumitrescu, Mulase, Safnuk, Sorkin
and Sutkowski [12, 29]. Note however that our enumeration uses a different set
of initial conditions. One wonders if two such enumerative problems satisfying the
same recursion, but with different initial conditions, may be related in a more direct
manner.

1.3. Counts of non-boundary-parallel curves

As we will see, it is natural also to count collections of curves satisfying an additional
condition: that no curve be boundary-parallel. In other words, we require that no
curve cut off a disc. Let Ny (b1, ..., by) be the number of such collections of curves.
The relationship between Gy, and Ny, is analogous to the relationship between
Hurwitz numbers and pruned Hurwitz numbers [10].

As with the Gy ,,, we give some explicit formulae for the Ny ,,.

Proposition 1.5. For any integers by, ba, b3, by > 0,

No,1(b1) = b, 0 (7)
No.2(b1,b2) = b1, b, (8)
No3(b1,b2,b3) = bibobs  provided by + by + b3 is even; 0 otherwise. 9)
Noa(b1, b2, b3,bs) = b1babsby A0,4(b1, ba, b3, by) (provided not all b; = 0) (10)

) (provided by # 0 even), (11)
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where ]%A(bl, ba, b3, by) is the quasi-polynomial
1
Z(b% +03+b3+b3)+2  allb; even
Lo 12, 42, 42y, L
o a(br. o, b ba) Z(b1+b2—|—b3—|—b4)—|—§ two b; even, two b; odd
0,4(01,b2,b3,b4) =

1
Z(b‘f‘+b§+b§+bi)+2 all b; odd

0 otherwise

Here, n is a convenient notation, defined as follows:

Definition 1.6. For an integer n > 0, we define
n n>0,
1 n=0.

The pattern in the structure of Ny, continues, the cases (g,n) = (0,1) and
(0,2) again being exceptional. We again obtain symmetric quasi-polynomials; in
fact, they are all even symmetric polynomials.

n=n+5n70={

Theorem 1.7. For (g,n) # (0,1),(0,2) and (by,...,b,) # (0,...,0),
Ng,n(bla s 7bn) = Bl o Bn ]/\\[g,’n(b17 .. 'abn)a

where ﬁg,n(bl,...,bn) is a symmetric quasi-polynomial over Q in b2,... b2 of
degree 3g — 3 + n, depending on the parity of by, ..., by.

The proof is again effective: in principle, we can calculate the quasi-polynomials
for any Ny .

The general curve count Gy, and the non-boundary-parallel curve count Ny,
are related by the following result, for which we give a direct combinatorial proof
in Sec. 4.

Theorem 1.8. For (g,n) # (0,1) and integers by, ..., by,

b1 by
Gyn(by,...,bn) = Z by —ay || bun—an | Ngnlar,...,an).
a1y, Gn €L 2 2

Here, we consider the binomial coefficient (1]\\/{ ) to be zero unless M, N are
positive integers satisfying 0 < N < M, and we regard Ng,(ai,...,a,) or
Ggn(bi,...,b,) as zero if any a; < 0 or b; < 0.

The degree 3g — 3+ n of the quasi-polynomials J/\fg,n is familiar as the (complex)
dimension of the moduli space of curves M, ,,. We will show, in fact, that the top-
degree terms of these polynomials encode intersection numbers in the compactified
moduli space M, ,, (see generally e.g. [21]).

Theorem 1.9. For (g,n) # (0,1),(0,2), the non-zero polynomials representing the
quasi-polynomial Ny, (b1,...,by,) agree in their top-degree terms. For non-negative
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integers di,...,dy such that di + ---+d, = 39 — 3 + n, the coefficient cq, ....q, of
b pin satisfies

1 d —
= 1... dy,
Cdiyndn = 259—6+2n ... dn!< ! vn"s M),

Here, 1; € H? (ﬂg,n; Q) is the Chern class of the vector bundle over ﬂg,n given
by pulling back the cotangent bundle at the i’th marked point. We could also write

1 d
= ... dn
i = 559—6+2n 41 dyl Jaq Yn'

g,n

The top-degree coefficients cq, ... 4, in fact agree exactly with the lattice count
polynomials of Norbury [31] and agree up to simple normalization constants with the
volume polynomials of Kontsevich [25] and the Weil-Petersson volume polynomials
calculated by Mirzakhani [27]. Hence, the asymptotics of the polynomials J/\fg,n are
equivalent to the asymptotics of volumes of moduli spaces of curves M, ,,. Details
are given in Sec. 7.3.

Thus, such a naive enterprise as counting curves on surfaces leads naturally to
the topology of moduli spaces.

The Ny, and ]\Afg,n also obey a recursion, of a similar nature as for the Gy,
given in Proposition 6.1.

1.4. Curve-counting refined by regions

When counting curves, we can also keep track of the number of regions into which
they cut the surface.

Definition 1.10. A complementary region of an arc diagram C on (S, F') is a con-
nected component of S\C. The number of complementary components is denoted
r.

We define G, (b1,...,b,) to be the number of collections of curves with r
complementary regions; similarly, we can define Ny ,, (b1, ..., by). It turns out these
counts, refined by the number of regions, obey many properties similar to unrefined
curve counts. For instance, the Gy, obey a similar recursion to the Gy ,.

Theorem 1.11. For any integers g > 0, n>1, 7> 1, by >0 and ba,...,b, >0,
Ggnr(b1,...,by)

— E Ggfl,nﬁ*l,r(imjv b27"‘7bn)
0,70
i+j=b1—2

+ > 0kGgmoro(br + bk — 2,ba, . bg, . b)
k=2

+ Z Z Z Ggllel“"]-,Tl(i’bIl)G92,|I2‘+1,T2(j7 b12)~

g1+92=9 1,520 ri,ra>1
11U12:{2,...,n} i+j=by—27r1+r2=r
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A recursion of a similar nature is given for Ny, , in Proposition 9.14.

Once g,n,by,...,b, are fixed, the number of regions r into which S can be cut
by a collection of arcs is clearly bounded. We prove various inequalities between
these parameters in Sec. 9.5. In the process, we find that it is useful to introduce an
alternative parameter to track the number of regions, which we call ¢. (Explicitly,
t = r—x(S) — £ b.) As such, we have a second way of refining the curve
counts, which we denote G? , and N} ,. The G! , and N}, obey polynomiality
properties similar to, but more complicated than, Gy, and N ,. One result is the
following.

Theorem 1.12. For (g,n) # (0,1),(0,2), positive integers by, ..., b,, and setting
t=0,

N2 (by,....by) = Dby b, NO  (by, ..., by),

where ﬁgn is a symmetric quasi-polynomial over Q in b2, ..., b2, of degree 3g—3+n,
depending on the parity of by, ..., by.

Precise and more detailed statements are given in Theorems 9.17 (polynomial-
ity) and 9.19 (degree). A precise statement of polynomiality for the G? ,, is Theo-
rem 9.21. We compute several examples of refined counts explicitly in Sec. 9.1.

These refined polynomials also recover intersection numbers on moduli

spaces.

Theorem 1.13. For (g,n) # (0,1),(0,2), positive integers by,...,b, and t = 0,
the non-zero polynomials representing the quasi-polynomaial ]Vgoﬁn(bl, ..., by) agreein
their top-degree terms, and they agree with the top-degree terms of ]ng(bl, sy bp).
That is, the coefficient cq, ,....q, of biil -~-bfl" s given by

1 d
_ 1., . 2hdn
Cdisodn = 95g=6+2n 1. - d,! M ' Ya'-
g,n

A more general statement is proved in Theorem 9.19. The ﬁ;n have similar
properties for other values of ¢ (not just ¢ = 0). We can also set some of the
variables b; to zero. For different choices of ¢ and choices of variables set to zero,

we obtain different polynomials. It is as if J/\fg,n(bl, ..., by) is a quasi-polynomial
depending on the “parity” of by,...,b,, where there are three possible “parities”:

even, odd and zero.

For each choice of k, the number of variables set to zero, and ¢, in an appropriate
range, we obtain a separate quasi-polynomial in the b?. We show that N, ;,n has
degree at most 3g — 3+ n —t+k in general (Theorem 9.18); and if k = ¢, the degree
is exactly 3g—3+n, with top-degree coefficients agreeing with ﬁgm (Theorem 9.19).

In a certain sense, given a collection of curves, ¢ is a measure of “how separating”
the curves are. The above theorems say that it is sufficient to consider curves which
are “as non-separating as possible” in order to recover the geometry of moduli
spaces.

1750012-8
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1.5. Differential forms and free energies

The curve counts G, and Ny, fit, at least to some extent, into the framework of
the topological recursion of Chekhov, Eynard and Orantin, with its connections to
enumerative geometry and mathematical physics [6, 15, 18].

Following this framework (e.g. [28, 29]), we define several generating functions
based on the N, , and Gy ;. Chief among these are multidifferentials in n variables
T1,..., 2, on CP' defined by

_ —p1—1 —pn—1
Won(T1,. ..., Tn) = E E Gon(tt, .oy pin) 3 ez M T dry - day,.
p1>0 Hn=>0

(In the case (g,n) = (0,1), we have two distinct forms, which we denote wg,
and w(';; see Sec. 8.1.) Although defined as a formal power series, wy,, is in fact
meromorphic (Proposition 8.3).

It turns out, if we rewrite wy,, with respect to new variables z1, ..., 2, defined
by x; = z; + z%’ then the coefficients switch from the curve counts Gy ,,, to the non-
boundary-parallel curve counts Ny ,. A similar phenomenon occurs with pruned
Hurwitz numbers [10].

Theorem 1.14. For (g,n) # (0,1),

vi—1 v,—1
wg,n:E E Ngn(Wi,...,vn) 20" - 2, dz1---dz,.

v120 vn 20

We can then obtain free energies Fy ,, by integrating the wg , i.e. finding func-
tions Fy »(21,. .., 2z,) such that

dz1 o 'dZanm(Zlv o ‘7Z’ﬂ) = wg,”(zl’ o "Zn)'

We compute several wy,, explicitly (Lemma 8.2) and also several free energies as
follows:

Proposition 1.15. The following functions are free energy functions.

Fojyl(zl) = log 21
1
FOG,I(ZI) = §Z% —logz

Fo2(z1, z2) = log z1 log zo — log(1 — 21 22)
Z129 + 2923 + 2321 + 1
(1—=29)(1—25)(1 —23)

logz1logza = (2129 + 1)log 23
F3 (R )

Fo,g(Zl, 22, Z3) = IOg Z1 IOg Z2 1og 23 +

cyc

The differential forms wy, can be refined according to number of regions. For
each value of the number of regions r, and the related parameter ¢, we obtain mero-
morphic forms wy , » and w}, ,, (Proposition 10.5). We also show (Proposition 10.6)

1750012-9



N. Do, M. A. Koyama & D. V. Mathews

that changing coordinates from z; to x;, changes w;n from a generating function
for the N} .,
does not hold for wy,p ».) In other words, Theorem 1.14 can be refined with respect
to ¢.

Moreover, for given g, n, there are only finitely many possible values of ¢, so wg,,

into a generating function for the G? . (However, such a statement

splits as a finite sum of wz,n. We compute some w;n explicitly in Sec. 10.2. We can
similarly refine free energies £}, into a finite sum of F; gt,n. The following explicit
computations can be compared with Proposition 1.15.

Proposition 1.16. The following functions are free energy functions.
FOJYfO(zl) = log 21
Fgl’o(acl) = %zf —log z;
F&Q(zhzg) = —log(l — z122)

FO]-,Q (Z].7 22) = log Z1 IOg 29

2129 + 2923+ 2321 + 1

(1—=27)(1—23)(1 - 23)

(2223 + 1)logz1 (2321 +1)logza (2122 + 1)logzs

(1-2)(1-23) (1-25)1—=27) (1—27)(1-23)

logzylogzo  logzologzs  logzszlog 2y
1—23 1—22 1— 22

FQ5(21, 22, 23) =

Fy5(21, 22, 23) =

Fo2,3(217227 z3) = log z1 log 29 log 25 +

1.6. Dzifferential equations and partition function

The recursions on the curve counts Gy, and N, (and also their refined versions)
translate into recursive differential equations on their generating functions.

The differential forms wy , can be written as fy »(z1,...,2,) do1 - - - d2y,, where
= E —p1—1 — i —1
fg,n(xlw-wxn)— Gg,’ﬂ(/'l‘17"'7/'l'n)x]_ _,_:L-nﬂn
M1y b 20

is a function of n variables. To form a recursive differential equation on the f, ,, we
take the recursion in Theorem 1.4, multiply by xf“rl cex el and sum over
1y, . However, Theorem 1.4 does not apply when b; = 0, so certain terms are
missing, corresponding to the initial conditions in the recursion. In other words,
the obstacle to obtaining a recursive differential equation in the f,, is not the
recursion, but the initial conditions.

One way to deal with this issue is to “differentiate out” the initial terms; doing
so, we obtain a differential equation given in Proposition 8.7.

A better way to deal with this issue is to use the refined counts of curves,
keeping track of the number of regions. With refined counts, there is a simple way

1750012-10
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to express Ggnr(0,b2,...,b,) in terms of Gy n—1(b2,...,b,) (Proposition 9.4).
This is something like a “dilaton equation” for curve-counting.

Therefore, we define generating functions which keep track of the number of
regions r, using a new variable . We can define a generating function

Fon (@1, ;) =Y Y G,y ) 27T T Al

r>1 1, n >0

(This function is also called 5, in Sec. 10.5). In fact, in Sec. 10.5, we consider vari-
ous generating functions and differential forms, which use the various refined counts
Ggnrr GY oy Ny and N} . We find relations between them (Proposition 10.11)
and show they are all meromorphic (Propositions 10.8 and 10.12). We also compute
them in various small cases; the 4, (z; @) reduce to fy () upon setting o = 1. We

can then obtain a recursive differential equation in the fg .
Proposition 1.17. For any g > 0 andn > 1,
21 fgn (T, o, Tns @) = fgo1 1 (T1, 21, 22, . .., T @)

~ a8 1
+ Z (Fgn—1(T2y ..., Tp; )
k=2

— Oz T — T1

—fgn—1(T1, 22, ..., Thy -, Tpi @)
+ Z fou. 1041 (T1, 215 @)f gy 141 (21, 215 @)
g1t+92=9

IlLJIQZ{Q,...,TL}

+az—fgn_1(22,...,2n; ).

da

From this, we find a differential equation on free energies Fgn(x1,...,2n; Q)
defined by integrating the f, .

Theorem 1.18. There are free energies §gn(T1,...,Tn; ) such that
xla—xls_q,n(xla <o T O‘)
82
= —F, U,V L2,y Ty
8u8v§g 1,n+1( 2 " )u:v:zl

- 1
+’;1’k—1’1

0 9 N
) (3—%&’"_1(332’ c Tnj @) = a—qjlsg,n—l(ﬂfla e TRy ,xn;a))

1750012-11
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0 ]
+ Z axlgg1»\11|+1($17$11§04) (9331392"[2‘_‘—1(1;1’1;[2;&)
g1+92=9

IlLJIQZ{Q,...,TL}

+a=—Fgn-1(x2,...,Tn; ).

Oa
This differential recursion on the free energies §,,,, resembles the recursion on
free energies of Mulase-Sultkowsi’s “generalized Catalan numbers” [29]. An identical
recursion applies in that case, but the harder initial conditions here require our
recursion to have an extra term.
Combining the free energies into a so-called partition function

Z = exp lz ot Z %Sg,n(x,...,x;a)]

m=0 2g+n—1=m

we obtain a differential equation satisfied by Z.

Theorem 1.19.

2
<h2% — hx% + hQQ% + a) Z=0.

This differential equation provides something like a “quantum curve” result for
the curve counts G ,,, although the extra parameter o appears non-standard. There
is a resemblance to the equation x? — xz + a = 0, which is obtained from setting

wlff\/a:fféka

Z:fg,l(xﬂa): 2

It would be interesting to know whether our enumeration is governed by the
topological recursion of Chekhov, Eynard and Orantin [6, 15, 18]. The resemblance
of the recursion of Theorem 1.4 to the recursion for the enumeration of ribbon
graphs [23, 12], though with different initial conditions, suggests that our enumer-
ation may relate instead to the so-called blobbed topological recursion of Borot [1].
Furthermore, the work of Kazarian and Zograf demonstrates that enumerative prob-
lems governed by recursions such as that of Theorem 1.4 may often be encapsulated
in the form of Virasoro constraints [23]. A similar analysis in the context of count-
ing curves on surfaces may hold, which would then lead to a relation between our
enumeration and integrable hierarchies.

1.7. Structure of paper

This paper is organized as follows. In Sec. 2, we set up our framework for counting
curves, and make some elementary observations. In Sec. 3, we count curves on
discs and annuli, giving formulae for curve counts by elementary combinatorial
arguments.

We then turn to the relationship between the curve counts Gy, and Ny ,. In
Sec. 4, we show that any collection of curves on a surface can be decomposed in an
essentially unique way into a part “local to the boundary”, and a “core” (Sec. 4.1).
We use this “local decomposition” to express Gy, in terms of Ny, (Sec. 4.2).
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We are then able to count curves on pants in Sec. 5. After establishing some
terminology (Sec. 5.1), we directly compute Ny 3 (Sec. 5.2) and G 3 (Sec. 5.3).

In Sec. 6, we turn to recursion. We establish recursions for G, (Sec. 6.1) and
Ny (Sec. 6.2), and use these to make some computations (Sec. 6.3).

We then turn to polynomiality. After some preliminary work (sec. 7.1), we estab-
lish polynomiality of the N, (Sec. 7.2). Reflecting on this proof establishes the
agreement of top-degree terms with Norbury’s lattice count, giving us results about
moduli spaces and intersection numbers (Sec. 7.3). We can then prove polynomiality
for the Gy, (Sec. 7.4).

Next, we consider generating functions and differential forms. After defining
(Sec. 8.1) and computing some small cases (Sec. 8.2) of these generating functions,
we show they are meromorphic (Sec. 8.3). We can then show that the expansion
of wyn in x and z coordinates yields the Gy, and Ny, (Sec. 8.4). Free energies
can then be defined and computed in small cases (Sec. 8.5), and we can make some
initial observations about recursions and differential equations for the generating
functions (Sec. 8.6).

In Sec. 9, we introduce the refinement of counts by regions. After making def-
initions and compute refined counts on discs and annuli (Sec. 9.1), we prove a
sort of “dilaton equation” (Sec. 9.2). We discuss how the concept of local decom-
position (Sec. 9.3) can be refined, and then use it to compute refined counts on
pants (Sec. 9.4). We consider bounds on the number of regions (Secs. 9.5 and 9.6),
refine the recursion (Sec. 9.7) and then use these results to prove polynomiality
for general refined curve counts (Secs. 9.8-9.11). Along the way, we obtain rela-
tions between the refined polynomials and intersection numbers on moduli spaces
of curves (Sec. 9.10).

Section 10 is devoted to refining the results obtained in Sec. 8 according to
the number of complementary regions (Secs. 10.1-10.6). Finally, we obtain differ-
ential equations for the free energies and use this to determine an equation satis-
fied by the partition function that is reminiscent of the notion of quantum curve
(Sec. 10.7).

2. Which Curves to Count?
2.1. Arc diagrams and equivalence

Throughout, we assume all surfaces are compact, connected and oriented, unless
specified otherwise. We will write S, to denote a surface of genus g with n bound-
ary components; when g and n are clear, we simply write S.

We consider finite sets of marked points F© C 0S,.,. We label the boundary
components By, ..., B, and write b; = |F N B;| and b = (by,...,b,). We allow
b; = 0 and indeed, we allow b = 0. We will write F(by,...,b,) = F(b) to denote
such a finite set, and when b is clear, we simply write F.

In Definition 1.1, we defined arc diagrams on (S, F) = (Sgn, F (b)) and their
equivalences, and the numbers Gy, (b1,...,b,) which count equivalence classes
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of arc diagrams. Since an arc diagram is a properly embedded collection of arcs
C C S, it consists of finitely many unoriented arcs connecting points of F'. Proper
embedding requires that precisely one arc of C' emanate from each point of F', and
that arcs do not intersect. See Fig. 1. By prohibiting crossings, the topology of S
restricts the possible arrangements of curves.

(Strictly speaking, one should distinguish between the embedding of a disjoint
union of intervals into S, and the image of this map. Pre-composing such an embed-
ding with a self-homeomorphism of these intervals gives an equivalent embedding.
In practice, we abuse notation and conflate the embedding with its image, regarding
C' as a subset of S. It should not cause any confusion.)

Note that several other reasonable definitions of collections of curves on (S, F')
are possible: for instance, one might allow certain closed curves, require curves to
be oriented, or consider dividing sets or sutures.

While the set of arc diagrams on a given (S, F') is infinite, we will show that
up to the notion of equivalence in Definition 1.1, the number of arc diagrams on
(S, F) is finite (as mentioned in the introduction, this follows from the recursion in
Theorem 1.4, which is proved in Sec. 6.1).

Our notion of equivalence, i.e. up to a homeomorphism of the surface fix-
ing the boundary pointwise, is stronger than isotopy. But in general there are
infinitely many isotopy classes of arc diagrams on a given (S, F). For instance,
for an arc diagram C' which essentially intersects a homologically non-trivial sim-
ple closed curve 7, applying Dehn twists about v to C' yields infinitely many
non-isotopic arc diagrams. Arguably, then, the simplest way to count curves
on surfaces is to count equivalence classes of arc diagrams as we have defined
them.

As our notion of equivalence involves homeomorphisms fixing the boundary
pointwise, the labels 1,...,n on the boundary components, and the numbers
bi,...,b, are fixed (they are not permuted) as we count curves. The number of
equivalence classes only depends on the numbers g, n, by, ..., b,. Hence, the follow-
ing definition makes sense.

Definition 2.1. The set of equivalence classes of arc diagrams on (Sy ., F'(b)) is
denoted G, ., (b).

Thus, G4, (b) = |Ggn(b)|. Our notion of arc diagram includes the empty arc
diagram. Thus, for all g and n, G4,(0) = 1.

If ¢ is homeomorphism of S providing an equivalence between arc diagrams
C1, Co, then as ¢ fixes 0SS pointwise, and so takes arcs and complementary regions
of C7 to those of (5 in a canonical fashion. Hence, we may refer to an arc or
complementary region of an equivalence class without ambiguity. In practice, we
often drop the phrase “equivalence classes of” for convenience, and refer only to
counting arc diagrams; we hope that the meaning is clear.
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As discussed in the introduction, it will be useful to consider arc diagrams
without boundary-parallel arcs. An embedded arc in S is boundary-parallel if it is
homotopic (relative to endpoints) to an arc lying entirely in 0.5.

Definition 2.2. The set of equivalence classes of arc diagrams on (S,., F(b))
without boundary-parallel arcs is denoted Ny ,,(b).

Thus Ny, (b) = [Ny, (b)|.
Definition 2.3. For ¢ > 0, n > 1 and by,...,b, > 0, we define
4(b)
1-bn

@‘\2

2.2. First considerations

Some initial observations about Gy ,,(b) are clear.

Lemma 2.4. For any g >0 andn > 1, if by + - -- + by, is odd, then Gy, (b) = 0.

Proof. Every arc has two endpoints, and the number of endpoints is by + - - - + b,.
O

We may regard Gy, as a function N — Ny, where Ny = {0,1,2,...}. That
is, G4,n takes an n-tuple of non-negative integers (by,...,b,) and returns a non-
negative integer.

Lemma 2.5. The function Gy, (b1,...,by,) is a symmetric function of by, ..., by,.

Proof. For any permutation o € S,,, there is a homeomorphism ¢ : S — S permut-
ing the boundary components according to o, ¢(B;) = By(;). So Gy n(bi,...,b,) =
Gg,n(ba(l)a SRR ba(n)) g

3. Counting Curves on Annuli and Discs
3.1. Definitions and statements

We begin counting curves on some simple surfaces, starting with annuli. As it turns
out, along the way, we will be able to count curves on discs. So let S = Sy and
F = F(by,b2), and let b; = 2m; or 2m,; + 1 accordingly as b; is even or odd.

Definition 3.1.

(i) A properly embedded arc on an annulus is traversing if its endpoints lie on
distinct boundary components, and insular if its endpoints lie on the same
boundary component.

(ii) An arc diagram on an annulus is traversing if it contains a traversing arc, and
insular if all its arcs are insular.
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(iii) The number of equivalence classes of traversing arc diagrams on (S, F) is
denoted T'(by, b2), and the number of equivalence classes of insular arc diagrams
is denoted I (b1, b2).

Note that “insular arc” is synonymous with “boundary-parallel arc”, and
“traversing arc” with “non-boundary-parallel arc”. In an insular arc diagram, all
arcs stay close to their home boundary component, but in a traversing arc diagram,
some brave arc traverses the annulus from one side to the other. The empty arc
diagram is vacuously insular.

We will give I(b1,bs) and T'(by,bs) explicitly. By Lemma 2.4, we only need to
consider by, ba both even or both odd. And it is clear that in an insular arc diagram
both b1, by must be even.

Proposition 3.2. For integers my, mo > 0,

2m 2m
I(2m17 2m2) = ( mll) ( mj) .

Proposition 3.3. For integers my, mo > 0,

T(2m1,2ms) = —A2 (2”“) <2m2)

mi -+ mo \ M1 mo
2 1)(2 1) /2 2
T(2my +1,2my + 1) = Gt DO 4 1) (2 (2mz)
mi+mo + 1 my ma

Clearly Go.2(b1,b2) = I(b1,b2)+T (b1, b2), so Proposition 1.2(2)—(3) follows from
these two propositions.

We prove these propositions by bijective combinatorial arguments, in Secs. 3.2
and 3.3, respectively. Proposition 3.3 is identical in content to [24, Theorem 6.2],
which in fact contains a more general result with cyclic sieving (Lemma 3.3).

First, however, we calculate r, the number of complementary regions. This
depends on whether the diagram is insular or traversing.

Lemma 3.4. Let C be an arc diagram on an annulus.

(i) IfC is insular then r = $(by+b2)+1. One complementary region is an annulus;
the rest are discs.
(ii) If C is traversing then r = %(bl + ba). All complementary regions are discs.

Proof. First, note that C' has precisely (b + bz) arcs.

If v is a traversing arc, then cutting along v cuts S into a disc. Cutting further
along the other (b1 + b2) — 1 arcs of C, each cut slices off an extra disc. So S\C
consists of 1 (by + b) discs.

If C is insular then, successively cutting along outermost arcs, each cut slices
off a disc. At the end, we have £(b; + by) discs and an annulus. m|
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3.2. Insular diagrams

We will draw annuli in a standard way, as the region between two concentric cir-
cles in the plane. We can naturally then speak of “clockwise” and “anticlockwise”
directions.

An oriented insular arc 7 is isotopic to a properly embedded arc consisting
of a radial arc, followed by an “angular” arc at constant radius from the center,
followed by another radial arc. We say ~ is clockwise or anticlockwise according to
the direction of the angular arc.

Given an insular arc diagram C on (S, F), we may orient each arc anticlockwise.
Each arc then points into S at one endpoint, and out at the other end. The points
of F' can be labeled in and out accordingly; we can represent these labels by arrows
pointing into or out of S. This leads us to the following definition.

Definition 3.5. An arrow diagram on (S, F') is a labeling of points of F either “in”

or “out” so that on each boundary component, exactly half the points are labeled
“in” and half are labeled “out”.
The set of all arrow diagrams on (S, F'), is denoted A(by, b2).

If an arrow diagram exists on (S, F'), then by, by must both be even, (by,by) =
(2my,2ms), and we have

A@my, 2my)| = <2m1> <2m2)'
mia mo

First, suppose one boundary component has no marked points, (b1,b2) =
(2m,0). Let @ : Gp2(2m,0) — A(2m,0) be the function which takes a dia-
gram (necessarily insular) to the arrow diagram obtained by orienting each arc
anticlockwise.

Lemma 3.6. The map @ is a bijection. Hence

m

Go.2(2m,0) = |Go.2(2m, 0)| = |A(2m,0)| = <2m)'

The idea is that an arc diagram C' € Gy 2(2m,0) can be constructed from a €
A(2m, 0) by starting at a point of F' (any point will do) and proceeding anticlockwise
around the annulus. Each time, we arrive at a point of F' labeled “in”, we start
drawing a new arc, proceeding anticlockwise around the annulus. Each time, we
arrive at a point of F' labeled “out”, we end an arc there (if possible). This process
produces a unique arc diagram. See Fig. 2.

Proof. Proof by induction on m. When m = 0, there is nothing to prove. When
m = 1, the construction is clear: draw an arc anticlockwise from the “in” to the
“out” point of F. This is clearly unique up to equivalence of arc diagrams.

For general m, note that in the arrow diagram a, as we proceed anticlockwise
around the 2m boundary points of F', there must be at least one point fi, labeled
“in” followed immediately by another point fo,: labeled “out”. Any (equivalence
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)
&

Fig. 2. Constructing an arc diagram from an arrow diagram.

s g

class of) arc diagram C' such that ®(C) = a must contain a “short” boundary-
parallel arc v anticlockwise from fi, to fous. The remaining 2m — 2 points of a
form an arrow diagram a’ € A(2m — 2,0). By induction, there exists a unique arc
diagram C’ with ®(C") = d'; taking C’ together with ~ gives an arc diagram C'
with ®(¢) = a. Moreover, since v must be included, the uniqueness of C’ implies
uniqueness of C. O

The idea of the proof above appears in Przytycki [34] and is due to him, so far
as we know. This argument is then used to give a formula for the Catalan numbers,
as we show now.

Proposition 3.7 (Przytycki). For any integer m > 0,

Goa(2m) = —— (2m) =,

m-+1\m

Proof. Consider the annulus (S, F) = (50,2, F(2m,0)) and the disc (D, F/(2m)).
There is a map ¥ : Gp 2(2m,0) — Go,1(2m) given by gluing a disc to the boundary
component Bz of (S, F).

Given an arc diagram C on (D, F(2m)), we can remove a small disc D’ from the
interior of D, not intersecting any arcs, and obtain an arc diagram on (S, F'(2m, 0)).
There are m + 1 complementary regions of the m arcs of C, and removing D’ from
these distinct regions produces m + 1 distinct arc diagrams on (S, F'(2m,0)). These
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arc diagrams form W=1(C) precisely, so ¥ is (m + 1)-to-1, and
_ 1Go2(m,0) _ Gop(m,0) 1 <2m) e

G071(m)=|gg,1(m)| m+1 T om+1 m+1\m

This also proves Proposition 1.2(1).

Proof of Proposition 3.2. An insular diagram in Gg2(2mq,2mg) can be
cut along a core curve into two insular arc diagrams, on (S, F(2mq,0)) and
(S, F(2ma2,0)), respectively. This gives a bijection between insular arc diagrams
on (50727 F(2m17 ng)) and go,2(2m17 0) X g0,2(2m2,0)7 SO

mia mao

I(2my,2my) = G 2(2m1,0)Go 2(2ma, 0) = <2m1> <2m2>' -

3.3. Traversing diagrams

We now turn to traversing diagrams on (S, F) = (So,2, F'(b1,b2)). We draw our
annuli within the plane with By as “outer” and Bs as “inner” boundary.

Since each insular arc connects two points on the same boundary component,
the number of endpoints of traversing arcs on B; has the same parity as b;, yielding
the following observation.

Lemma 3.8. The number of traversing arcs in an arc diagram on (S, F') has the
same parity as by and bs. O

Our computation of T'(by, b2) involves bijections between certain combinatorial
sets, which we now define.

Definition 3.9. A decorated arc diagram on (S, F) is a pair (C, R), where C is an
arc diagram on (S, F'), and R is a complementary region of C. The set of equivalence

classes of decorated traversing arc diagrams on (S, F') = (Sp,2, F'(b1, b)) is denoted
DT(b1,b2).

By Lemma 3.4, a traversing arc diagram has %(bl + b2) complementary regions,
SO

1
DT (by,b2)| = 5(()1 + ba) T'(b1, b2).

To count DT (b1, b2), we find a bijection with objects, we call special arrow diagrams.
We will deal with the even case (b1,b2) = (2mq,2mg) and the odd case (by,bs) =
(2mq + 1,2mq + 1) separately. First, we consider the even case.

Definition 3.10. A special arrow diagram on (S, F(2mq,2my)) is an arrow dia-
gram together with a choice of one inward arrow on By (the special inward arrow),
and an outward arrow on Bj (the special outward arrow). The set of such arrow
diagrams is denoted SA(mq,mg).

We have seen there are (27?11)(272122

ISA(2m1, 2m2)| = mims (2m1) (2m2) ]

ma mo

) arrow diagrams on (S,F); hence
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Next, we define a map ¥ : SA(2mq, 2msy) — DT(2my, 2ms) as follows. Let a be
a special arrow diagram with special inward arrow ¢ on the inner boundary By and
special outward arrow o on the outer boundary Bj.

(i) Join special arrows ¢ to o by an oriented arc 7. (There are many choices for +,
but they are all related by homeomorphisms of S fixing the boundary, hence
lead to equivalent arc diagrams.)

(ii) Cut S along 7 to obtain a disc D. The boundary of D, starting from o and
proceeding anticlockwise around By, consists of B; (traversed anticlockwise),
followed by ~ (traversed backwards), followed by Bs (traversed clockwise),
followed by ~ (traversed forwards). The remaining (unconnected, non-special)
arrows on (S, F') provide D with 2(mj +mg — 1) marked boundary points, half
labeled “in” and half labeled “out”.

(iii) Choose a point p in the interior of D, and remove a small neighborhood of p.
We then have an annulus with 2(mq + ma — 1) marked boundary points on
one boundary component, half “in” and half “out”, and no points on the other
boundary component. That is, we have an arrow diagram in A(2m; + 2ms —
2,0).

(iv) By the bijection ® of Sec. 3.2, we obtain a unique (equivalence class of) arc
diagram C on this annulus. This C has the property that if its arcs are oriented
anticlockwise around the annulus, then the orientations agree with the arrows
at boundary points.

(V) Gluing back the neighborhood of p which was previously removed gives the disc
D, which now has an arc diagram C. The point p and its removed-and-returned
neighborhood now lie in a complementary region R of C.

(vi) Recall that 0D contains two copies of the oriented arc -, along which we
originally cut. We now glue these two copies of 7 back together, reconstructing
the original annulus S. Combining C' and ~ gives an (equivalence class of)
arc diagram C on (S, F), and the complementary region R of C' becomes a
complementary region R of C. We define ¥(a) = (C, R).

At each step, all choices are unique up to homeomorphisms of the surface fixing the
boundary. Thus, the equivalence class of the arc diagram C, and the region R, are
well-defined; so ¥ is well-defined.

This construction is perhaps more natural than it seems. The special arrows
show us how to cut the annulus into a disc. The remaining arrows around a disc
show us how to draw the remaining arcs. But arrows around the boundary are
equivalent to an arc diagram on an annulus obtained by removing a small sub-disc.
This is equivalent to an arc diagram on the annulus together with a choice of region.

Suppose a is special arrow diagram, and ¥(a) = (C, R). The arc diagram C
consists of my + mo arcs, which are all given an orientation in the construction,
agreeing with the arrows in a. From Lemma 3.8, the number of traversing arcs is
even; let this number be 2k.
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Cy

k ® k

Fig. 3. The arc diagram C; in the case (b1, b2) = (2m1,2ms2).

We claim that k traversing arcs run “inward” from B; to Bs, and k traversing
arcs run “outward” from Bs to Bj. To see this, note that the arrow diagram a
consists of my inward and m; outward arrows on Bj, and insular arcs connect
some of the inward to outward arrows in pairs. Thus, the remaining 2k arrows,
which are the endpoints on B; of traversing arcs, contain the same number k of
inward and outward arrows.

Let C; denote the oriented arc diagram C' with insular arcs removed. So C}
consists of k inward and k outward traversing arcs. These arcs cut the annulus S
into 2k complementary disc regions, and we may speak of proceeding clockwise or
anticlockwise around the annulus from one traversing arc to the next, or from one
region to the next. One of the traversing arcs is the arc 7 connecting the special
arrows; by construction v points outward. And one of the regions R of C; contains
the region R and the point p in the construction. (As C; is obtained from C by
removing arcs, the complementary regions of C are subsets of the complementary
regions of Cy.) See Fig. 3.

Lemma 3.11. Starting from v and proceeding anticlockwise, the first k traversing
arcs of Cy (including ) are oriented outward; then we pass through the region R;
and the final k traversing arcs of Cy are oriented inward.

Proof. Recall that in the construction of C, we first draw -y, oriented outward;
then we cut along «, remove a neighborhood of p, and construct an oriented arc
diagram on the resulting annulus. These arcs are oriented so as to run anticlockwise
around this annulus; that is, they run anticlockwise around the point p. Hence,
once the traversing arcs are constructed, we see that those traversing arcs that
lie anticlockwise of R and clockwise of 4 must be oriented inward. Similarly, the
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traversing arcs that lie clockwise of R and anticlockwise of 4 must be oriented
outward. Since there are k inward and k outward traversing arcs, they must be
arranged as claimed. O

In particular, proceeding clockwise through C; from R, the arc v is the kth
traversing arc encountered. (Similarly, proceeding anticlockwise through C; from
R, the arc v is the (k 4+ 1)th traversing arc encountered.)

Lemma 3.12. Giwen (C, R) € DT(2my, 2ms), there is a unique special arrow dia-
gram a € SA(2mq,2ms) such that ¥(a) = (C, R).

Proof. Let C} be the arc diagram obtained by removing all insular arcs from C;
as C'is traversing, C} is non-empty, with 2k > 0 arcs. The complementary regions
of C' are subsets of the complementary regions of C;; denote the complementary
region of C} containing R as R.

Proceed clockwise through C; from E; denote the kth traversing arc encountered
as -y, orient it outward, and draw a special inward and outward arrow at its end-
points. By the preceding remark, if a is an arrow diagram such that ¥(a) = (C, R),
then the special arrows must be located at these points.

Now return to the original diagram C, cut along -, and remove a small neigh-
borhood of some point p € R. Then we have an annulus (S, F(2m1 + 2ms — 2,0)),
containing an arc diagram C’. By Lemma 3.6, there exists a unique arrow diagram
a’ on (S, F(2my + 2mg — 2,0)) such that ®(a’) = C".

We now take the special arrow diagram a to consist of the arrows of a’, together
with the special arrows constructed above. By construction, applying ¥ to a first
reconstructs ; then cuts along v and removes a point p; then reconstructs the arc
diagram C” on (S’, F((2mq + 2msg — 2,0)); and finally fills in the hole and selects the
region containing the filled-in hole. This region is R, since the construction removes
a point from R to create the annulus S’. Thus, ¥(a) = (C, R).

To show uniqueness, suppose we have a special arrow diagram a satisfying
U(a) = (C, R); we will show @ = a. This @ must first contain the special arrows of a,
as remarked above. Cutting along the arc v between them, and removing a neigh-
borhood of a point, we obtain an arrow diagram a’ on (S, F(2my + 2mq — 2,0)).
Now applying @ to @ produces an arc diagram on S’ such that, after filling in
the hole and labeling the region R and re-gluing along v, we obtain (C, R). Thus,
®(a’') = ®(a’). By Lemma 3.6, ® is bijective, so @’ = a’, and combined with the
special arrows, which agree, we have a = a. |

We have now shown U is bijective, so

IDT(2m1,2ma2)| = [SA(2m1, 2mz)| = mims (2m1> <2m2>
mo ma
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and since above we showed [DT(b1,bo)| = 25227 (by, by), we have

DT(2mq,2 2 2
T(2my, 2ms) IDT(2ma,2ma)| _ mamay  (2may) (2my
mi1 + mo mi1 + mo \ M1 ma

proving Proposition 3.3 in the even case.
The argument in the odd case is similar, but with slightly different diagrams.

Definition 3.13. A special arrow diagram on (S, F'(2m;+1,2me+1)) consists of a
triple (f1, f2,a), where f; € FFNB; is an exceptional marked point on each boundary
component, and « is an arrow diagram on (S, F\{f1, f2}). The set of special arrow
diagrams on (5, F') is denoted SA(2m + 1,2msy + 1).

After removing fi, f2, each boundary component contains an even number of
marked points, so that an arrow diagram exists. We have

ISA(2m1 + 1,2ms + 1)| = (2m1 + 1)(2ms + 1) (2"“) <2m2).
m1 ma
We now define a map SA(2m; + 1,2mg + 1) — DT(2my + 1,2mg + 1),
which we will show to be a bijection. The definition is similar to the map
SA(2mq, .2ms) — DT (2m1, 2msz). We call both maps ¥, so that we will have bijec-
tions ¥ : SA(bl, b2) — DT(bl, b2) for all bl, b2. Let (fl, fg, a) S SA(2m1—|—1, 2m2—|—1).

(i) Join the exceptional points f1 and fo by a traversing arc 7. (There are many
choices for «, but they are all related by homeomorphisms of S fixing the
boundary.)

(ii) Cut along ~y to obtain a disc D. The arrow diagram a gives an arrow diagram
on D with 2mq + 2mo arrows, half in and half out.

(iii) Choose a point p in the interior of D and remove a small neighborhood of p.
We then have an arrow diagram in A(2my + 2msg, 0).

(iv) Using the bijection ® of Sec. 3.2, we obtain a unique arc diagram C on this
annulus; if the arcs of C are oriented anticlockwise around the annulus, then
the orientations agree with the arrows.

(v) Glue back the neighborhood of p, which now lies in a complementary region
R of the arc diagram C on D.

(vi) Glue the two copies of v on 9D back together to reconstruct the original
annulus. Combining C and + gives an arc diagram C on (S, F'), and the com-
plementary region R of C becomes a complementary region R of C'. We define
U(f1, f2;a) = (C, R).

As in the even case, the construction at each stage is unique up to equivalence, so
U is well-defined.

The arc diagram C in this construction can be regarded as an oriented arc
diagram; the arcs are oriented so as to agree with the arrows. Hence, the arc diagram
C resulting from the construction can be regarded as having one “exceptional” arc
v, and all other arcs oriented.
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Ct

k ® k

Fig. 4. The arc diagram C; in the case (b1, b2) = (2m1 + 1,2ma + 1).

Now consider the traversing arcs of C' on (5, F'). By Lemma 3.8, the number of
traversing arcs is odd; let the number be 2k + 1. One of these is the exceptional arc
v, which we leave unoriented; the other 2k traversing arcs are oriented. As in the
even case, exactly k of the oriented traversing arcs run inward, and k run outward.

Considering Cy, the arc diagram with insular arcs removed, we have 2k + 1
traversing arcs, consisting of the exceptional arc -, together with k inward arcs
and k outward arcs. These cut the annulus S into 2k + 1 complementary regions,
which are naturally in a cyclic order, so we can proceed clockwise or anticlockwise
through them. One of these regions R contains the decorated region R from the
construction.

Again, just as in the even case, starting from v and proceeding anticlockwise, the
first k traversing arcs of C} after v are oriented outward; then we pass through the
region ﬁ; then the final k traversing arcs of Cy are oriented inward. For in the con-
struction of C, after cutting along v and removing a neighborhood of p, we construct
an oriented arc diagram on the resulting annulus where arcs run anticlockwise. So
those traversing arcs in S which are anticlockwise of R and clockwise of v are ori-
ented inward, and those clockwise of R and anticlockwise of  are oriented outward.
See Fig. 4.

Hence, proceeding clockwise through C; from R, the arc v is the (k + 1)th
traversing arc encountered. (Similarly, proceeding anticlockwise through C; from
R, the arc v is the (k + 1)th traversing arc encountered. )

We can now prove V¥ is bijective; again the proof is similar to the even case.

Lemma 3.14. Given a pair (C, R) € DT(2m1+1, 2ma+1), there is a unique special
arrow diagram (f1, f2,a) € SA(2mq + 1,2mao + 1) such that V(f1, f2,a) = (C, R).
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Proof. First consider C;, the arc diagram obtained from C' by removing insular
arcs. Let Cp contain 2k + 1 > 0 arcs, and let the complementary region of Ci
containing R be R. Proceed clockwise through C; from ﬁ; let the (k+1)th traversing
arc encountered be . Let its endpoints on By and By be fi; and fs, respectively.

Now return to the original diagram C, cut along v, and remove a small neigh-
borhood of a point p € R. Then we have an annulus S’ with boundary conditions
F(2m1+2ms,0) and an arc diagram C’. By Lemma 3.6, there exists a unique arrow
diagram a’ on (S’, F'(2mq + 2ms,0)) such that ®(a’) = C’.

After gluing back along v, the arrow diagram a’ gives an arrow diagram a on the
original annulus with the points f1, fo removed. We take (f1, f2,a) as our special
arrow diagram.

We claim that W(f1, f2,a) = (C, R). First, we connect f; to f2, constructing -,
up to equivalence. Then we cut along v and remove a point p; then we reconstruct
C’ on (S, F(2m1+2ms2,0)); and finally, we fill the hole, select the region containing
the filled-in hole, and glue back together along . The diagram obtained is C', and
the region is R, since the construction removes a point from R to create the annulus
S’ Thus, \I/(fl,fz,a) = (C, R)

To show uniqueness, suppose, we have an exceptional arrow diagram (fl, ]?2, a)
satisfying W(f1, f2,a) = (C,R). This @ must first have the same exceptional
points as constructed, and the same arc v (up to equivalence). Cutting along
~ and removing a neighborhood of a point, we obtain an arrow diagram @’ on
(S, F(2m1 + 2mas,0)); applying ® to @’ produces the same arc diagram as a’, so by
bijectivity of ®, we have @’ = a’, and hence a = a. O

We have now shown W is a bijection SA(2mq+1,2mo+1) — DT(2mq+1, 2ma+
1). Comparing the sizes of these sets, we have (2m; + 1)(2my + 1)(37) (272) =
(mq 4+ mo + 1)T(2my + 1,2mso + 1), and we conclude

(2my +1)(2ma + 1) (2my (2me
mi +meo+1 mi my )’

This proves the second half of Proposition 3.3. Putting together our counts of insular
and traversing arc diagrams, we can compute Go 2(b1,b2) as I(b1,b2) + T'(b1,b2).
We have now proved Proposition 1.2(2)—(3).

T(2m1 +1,2mso + 1) =

3.4. Non-boundary-parallel diagrams

It is straightforward to compute Ng1(by) and Ng2(by,b2). (Recall the notation b
from Definition 1.6.)

Lemma 3.15. For any integer b > 0,
No1(0) =1
No.2(b,b) = b.
All other No1(b1) and Ny 2(b1,b2) are zero.
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Proof. On a disc, every arc is boundary-parallel, so Ny 1(0) = 1, and all other
N071(b) =0.

On an annulus, if there are no boundary-parallel arcs, then every arc must be
traversing. It follows that by = by = b, and once one arc is drawn the others are
determined up to equivalence. If b > 0, then this gives b equivalence classes of arc
diagrams; if b = 0, then there is one equivalence class, namely that of the empty
diagram. O

This establishes Eqgs. (7)—(8) in Proposition 1.5.

4. Decomposing Arc Diagrams
4.1. Canonical decomposition

We now show how to decompose an arc diagram C' on S = S, ,, into arc diagrams on
annular neighborhoods Ay, ..., A,, of the boundary components By, ..., B, (“local”
to the boundary components), together with an arc diagram on the remaining
surface 8" = S\(J;—; 4;) (the “core”). The annuli A; contain all boundary-parallel
curves, and S’ contains no boundary-parallel arcs.

Definition 4.1. Let S = Sy 2 be an annulus with boundary components B, B,
and let F' = F(b,b) consist of b points on B and b’ points on B’. Let C be an arc
diagram on (S, F).

(i) If every arc of C intersecting B’ is traversing, then C is called B-local, or b-local
with b’ legs.

(ii) The set of equivalence classes of b-local arc diagrams with b’ legs is denoted
L(b,v).

Note that in a b-local arc diagram with b’ legs, we must have b’ < b and b =V’
(mod 2).

Definition 4.2. Let S = S, ,, have boundary components By, ..., 5, and let C' be
an arc diagram on (S, F(b1,...,bs)). A local decomposition of C' consists of a set

of disjoint simple closed curves B, ..., B}, on S, such that the following conditions
hold.

(i) Cutting S along |J;_, B! produces a collection of annuli Ay,...,A,, where
each annulus A; has boundary dA; = B; U B, and a surface S’ (the core)
homeomorphic to S.

(ii) The restriction C; of the arc diagram C to each annulus A; is B;-local.

(iii) The restriction C’ of the arc diagram C to S’ contains no boundary-parallel
arcs.

See Fig. 5. We will show that a local decomposition of an arc diagram exists
and is unique up to a natural form of equivalence.
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Fig. 5. Local decomposition of an arc diagram.

Lemma 4.3. Let S be an oriented connected compact surface with boundary, other

than a disc. Any arc diagram C on S has a local decomposition B, ..., Bl . If
1,..., Bl and BY,..., Bl are two local decompositions of C, then there is a home-

omorphism ¢ : S — S, fizing 0S pointwise, such that ¢(B;) = ¢(B}) and ¢(C) = C.

(On a disc, a local decomposition is obtained by drawing B inside a single com-
plementary region; drawing Bj in distinct complementary regions leads to inequiv-
alent local decompositions.)

Note that the homeomorphism ¢ of the proposition takes each annulus A; of the
first decomposition to the corresponding annulus A/ of the second decomposition,
while fixing their common boundary B; pointwise, so that the arc diagrams on A;
and A} are homeomorphic. The fact that A;, A} are B;-local, then implies that ¢
identifies the points of B;NC and B} NC in a canonical way. The core S’ of the first
decomposition is taken to the core S of the second decomposition, with boundary
points identified, so that the arc diagrams on S’ and S” are homeomorphic.

Proof. First, we show a local decomposition exists. Consider an annulus A4;
obtained by taking a small collar neighborhood of the boundary component B;,
enlarged to contain neighborhoods of each arc of C' parallel to B;. We can take
such A; to be disjoint. Let the boundary components of A; be B; and Bj, and let
S" =S\ U, Ai. Then C; (= C'NA;) consists of arcs parallel to B;, and traversing
arcs, so is B;-local. Moreover, C’ (= C'N S’) contains no boundary-parallel arcs: if
~" were such an arc, then 7/ would lie in a boundary-parallel arc v of C, so would
be contained in 4;, not in S’.

To demonstrate uniqueness, we show any local decomposition must look like the
one just described. Consider a local decomposition Bj,..., B., of C, and an arc 7
of C' with an endpoint on B; of S. Either « is boundary-parallel to B;, or -y is not
boundary-parallel.

If v is boundary-parallel to B;, then in any local decomposition, the annulus
containing B; must contain ~: if v took any other route, then it would create a
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boundary-parallel arc in S’, or an arc in some A; boundary-parallel to B, violating
the definition of local decomposition.

Similarly, if v is not boundary-parallel, let + have endpoints on B; and B;
(possibly @ = j). Then in any local decomposition, v must proceed from B; across
annulus A; via a traversing arc, across the core S’ to the annulus A;, and then
across A; via a traversing arc to Bj. If v took any other route, then it would create
a boundary-parallel arc in S’ or some A; violating the local decomposition.

Thus, in any local decomposition of C, each A; contains precisely the arcs
of C' boundary-parallel to B;, and traversing arcs from the remaining points of
F N B;. Hence, there is a homeomorphism taking the local annuli of any decompo-
sition to the local annuli of any other decomposition, and extending to the desired
equivalence. O

4.2. Counting arc diagrams via local decomposition

We now take advantage of local decomposition to count arc diagrams.

Let C be an arc diagram on (S = Sy ,,, F((b1, ..., by)), with alocal decomposition

1y..., Bl local annuli A; and core S’. Let |C' N Bl| = a;. On each A;, we have

a B;-local arc diagram in L(b;, a;), for some integer a; satisfying 0 < a; < b; and
a; = b; (mod 2). On the core S’, the arc diagram has no boundary-parallel arcs,
hence lies in Ny, (a1, ..., a,).

Conversely, arc diagrams in L(b;, a;) and Ny (a1, ..., a,) can be glued together
to construct an arc diagram on S in locally-decomposed form, giving a map

L(bhal) X L(bg,ag) X e X L(bn,an) X Ngm(ah - ,an) — Qg,n(bl,. . ,bn)

However, this map is not injective: in defining an element of L(b;,a;) or
Ngn(ai,...,a,), we need to label the marked points; and on each curve B] of
the local decomposition, the a; points could be labeled in distinct ways, starting
from distinct basepoints. If a; > 0, then there are precisely a; ways to label the
points; indeed there is a Z,, action on L(b;, a;) and Ny (a1, ..., a,). If a; =0, then
there is no basepoint to choose; effectively there is precisely one choice.

Thus, there is a Zgz, action on each L(b;,a;) and Ny (a1,...,ay), cyclically
relabeling the points on B.. The orbits of the induced action of Zgz, x -+ X Zg,
on L(bi,a1) x -+ X L(by,an) x Ny n(a) correspond to equivalence classes of arc
diagrams on (S, F'). So, we obtain an injective quotient map

L(by,a1) x -+ X L(bp,an) x Ny n(ar,...,a,)
Zal X"'XZan

— ggm(bh . ,bn)

Taken over all a; satisfying 0 < a; < b; and a; = b; (mod 2), we obtain a bijection

|_| L(by,a1) X -+ X L(bp,an) x Ny n(a1,...,a,)

n(bi, ... by
Gg.n (b1 ) — Zg, X - X Tg,

0<a;<b;
a;=b; (mod 2)

giving a precise correspondence between an arc diagram and its local decomposition.
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The action of Zgz, X -+ x Zg, on L(by,a1) X -+ X L(by, an) x Ny n(a) is faithful;
indeed, the stabilizer of each element of L(b;, a;) under the action of Zgz, is trivial.
Thus, we obtain the following proposition.

Lemma 4.4. For any g > 0, n > 1 other than (g,n) = (0,1), and any by, ...,b, >
0, we have

L(b oo |L(by, an
Gon(bi,..bn) = > LGy, a))| - L, a )|Ng,n(a1,...,an). O
0<a,<b; apaz:--dn
a;=b; (mod 2)

We now calculate L(b, a), using a bijection similar to Sec. 3.2. So, let (S, F) =
(So.2, F'(b,a)) now denote an annulus with boundary components B, B’ containing b
and a points, respectively, with B as “outer” and B’ as “inner” boundary. Consider
b-local arc diagrams C' with a legs. Such an arc diagram C must have %(b —a)
boundary-parallel arcs.

Definition 4.5. A local arrow diagram on (S, F) is a labeling of §(b— a) points of
F N B as “in”; other points of F' remain unlabeled.

Lemma 4.6. For any integers 0 < a < b of the same parity,
b

|L(b,a)|= 1|1
§(b—a)

a.

Proof. From the data of a local arrow diagram, we attempt to construct b-local
arc diagrams with a legs as follows. Start at a marked point on B and proceed
anticlockwise around B. Each time, we arrive at a point of F' labeled “in”, we
start drawing a new arc anticlockwise. Each time, we arrive at a point of F' that
is unlabeled, we end an arc there if possible. This process produces a partial arc
diagram on the annulus, consisting only of anticlockwise-oriented insular arcs, with
a remaining points on each boundary component which are unlabeled and not yet
joined by arcs.

After boundary-parallel arcs of a b-local arc diagram are drawn, the remaining
points are connected by traversing arcs. If a > 0, then these remaining points can
be connected in a ways: the first point on B’ can be connected to any remaining
point on B, and then the remaining points can only be connected by traversing
arcs in one way. If a = 0, however all points are connected, and we already have a
complete arc diagram.

Thus, a local arrow diagram uniquely determines the boundary-parallel arcs of a
b-local arc diagram. Uniqueness can be proved by an inductive argument similar to
Sec. 3.2. And conversely, the boundary-parallel arcs of a local arc diagram immedi-
ately provide a local arrow diagram, by orienting them anticlockwise. So, specifying
the boundary-parallel arcs is equivalent to specifying a local arrow diagram.

Once boundary-parallel arcs are drawn, the a traversing arcs can be drawn in
a ways, up to equivalence, giving the desired result. |
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Lemmas 4.4 and 4.6 now immediately provide a proof of Theorem 1.8. Note the
results holds even when some or all of the b; are zero. We can even regard them as
holding when some b; is negative, if we regard such Gy (b1, ..., by) as zero. (Recall,
we regard a binomial coefficient (AA/;) as zero except when 0 < M < N are integers.)

5. Counting Curves on Pants
5.1. Approach

We now turn our attention to pairs of pants. Throughout this section, let (S, F) =
(S0,3, F'(b1, b2, b3)). We will first compute No 3(b1, b2, b3), then use local decompo-
sition to compute Gg 3(b1, ba, b3).

We set some conventions. We draw pants as twice-punctured discs in the plane,
with one outer boundary By and two inner boundaries, Bs (on the left) and Bs (on
the right). The orientation on the plane induces an orientation on the pants, hence
on boundary components: By is oriented anticlockwise, and Bs, B3 are oriented
clockwise. See Fig. 6.

We also establish some terminology, extending terminology from the annulus
case. See Fig. 7.

Definition 5.1. An arc on a pair of pants (S, F') is

(i) traversing if its endpoints lie on distinct boundary components;
(ii) prodigal if its endpoints lie on the same boundary component, but it is not
boundary-parallel;
(iii) 4nsular if it is boundary-parallel.

By

By Bs

O O

Fig. 6. Orientations on boundary components of pants.

OO

Fig. 7. Three prodigal arcs.
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Thus, a prodigal arc travels far from home but eventually returns; an insular
arc never goes far from home. In a local decomposition, insular arcs are contained
in local annuli, while prodigal and traversing arcs pass through the core.

Definition 5.2. In an arc diagram on a pair of pants, let the number of

(i) prodigal arcs with endpoints on B; be pj;
(ii) traversing arcs with endpoints on B; and B; be t;;.

5.2. Non-boundary-parallel arc diagrams

We now compute Ny s, given by Eq. (9) in Proposition 1.5: for any integers
b1, ba, b3 > 0 such that by + by + b3 is even,

No,3(b1, b2, bs) = b1babs;

and if by +ba+ b3 is odd, then N 3(b1, ba, bg) = 0. The odd case is clear (Lemma 2.4),
so we assume by + by + b3 is even.

Now an arc diagram in N 3(b1,ba, b3) contains only prodigal and traversing
arcs. Counting the endpoints of prodigal and traversing arcs we have

bi =2p1 +tio + 31, ba =2ps+tag +ti2, bz =2ps+ i3+ tia.

A prodigal arc cuts the pants into two annuli. If p; > 0, then a prodigal arc with
endpoints on B; separates Bs from Bs, so that there cannot be any traversing arc
from Bs to Bs, nor any prodigal arcs from these components; hence ps = p3 = to3 =
0. Similarly, if po > 0, then ps = p; = t31 = 0; and if p3 > 0, then p; = ps = t12 = 0.
In fact, such conditions are also sufficient to be able to draw an arc diagram. We
can state this precisely.

Lemma 5.3. There exists an arc diagram without boundary-parallel arcs on a pair
of pants if and only if t12,t23,t31, 1, P2, P3 satisfy the following conditions:

(i) If p1 >0, then pa = p3 = ta3 = 0.
(ii) If pa > 0, then p3 = p1 = t31 = 0.
(111) pr3 > 0, then p1 = p2 = t12 = 0.

(Note that if py = p2 = p3 = 0, these conditions are all satisfied.)

Proof. The discussion above shows that the conditions are necessary. Now suppose,
we have p; and ¢;; satisfying these conditions. If all p; = 0, then the only possible
non-zero parameters are tyo, tos, t31 and such traversing arcs can easily be drawn.
If some p; is non-zero, say pi1, then the only possible non-zero parameters are ¢
and t3;. After drawing p; parallel prodigal arcs with endpoints on By, there remain
two complementary annuli on which any number of traversing arcs from B; to Bay,
and from Bs to B, can be drawn. O
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We have seen above three equations expressing the b; in terms of the p; and ¢;;.
The p; and t;; can also be expressed in terms of the b;, although the situation is a
little more complicated, as the next lemma shows.

Lemma 5.4. Let by,ba,b3 > 0 be integers such that by 4+ by + b3 is even. Then
there are unique non-negative integers tya,tas, t31, p1, P2, p3 satisfying the following
conditions:

) b1 =t +t31 4+ 2py
) b2 = taz + t12 + 2p2
(c) b3 =t31 +taz + 2ps3
(ii) (a) If p1 >0, then po = p3 = ta3 = 0.
(b) If p2 > 0, then p3 = p1 = t31 = 0.
) pr3 > O7 thenpl =p2 =112 =0.

Ezplicitly, such ti,ta3,ts1,p1,p2,ps are given as follows. Let {i,7,k} = {1,2,3}
such that b; < bj < by.

(1) If b; +bj > by, then pr =p2 =p3 =0 and
1 1 1
tiz = 5(51 +b2—b3), taz= §(b2+bs—bl), 31 = §(bs+b1 — b2).

(i) If b; + bj < by, then p; =p; =t;; =0 and
1

P = 50k = bi = bj), tik =bi,  tjr = ;.

The two cases above correspond to whether or not by, be, b3 obey the triangle
inequality — that is, when any two of the b; sum to at least the third.

Proof. First, we note that the triangle inequality is satisfied if and only if all
pi = 0. For if some p;, say p;, is positive, then po = p3 = to3 = 0 so by =
2p1 +t12+t31 > t12+1t31 = bo+ by and the triangle inequality is violated. And if all
pi = 0, then we have by = t12+t31, bo = to3+ 112 and by = t31 + t12 so, for instance,
b1 + bay = 2t15 + tog + t31 > tos + t31 = by and the triangle inequality holds.

Now if the triangle inequality holds, then all p; = 0 so the b; are given by
b1 = t12 + t31, bo = to3 + t12 and by = t37 + t23. This system of linear equations
can be inverted to give the unique solution claimed for ¢, t23, 31, which are all
non-negative by the triangle inequality.

If the triangle inequality fails, then some p; > 0, say p1 > 0,50 p2 = p3 = to3 =0
and we have by = t12 +t31 + 2p1, by = t12 and by = t31. So by, by are as claimed and
we immediately obtain p; = %(bl — by — b3). O

Proof of (9) in Proposition 1.5. Given by, ba, b3 > 0 with even sum, Lemma 5.4
shows that there exist unique ¢;; and p; which satisfy the conditions of Lemma 5.3,
and hence give the numbers of traversing and prodigal arcs in any arc diagram in
No3(b1, ba, b3). With the numbers of each type of arc determined, the arc diagram
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is uniquely determined, up to labeling of points on the boundary. There are b; ways
to choose a basepoint from the b; points on the boundary component B;, which
determines the arc diagram up to equivalence. Hence, Ng 3(b1,ba,b3) = bibobs as
claimed. |

5.3. General arc diagrams

From Theorem 1.8, we can now express Go 3 in terms of Ny 3:

b1 b b3
Go,3(b1,b2,b3) = Z by —a; by — as b3 — a3z | ai1G20a3 (12)
ay,a2,a3€% 2 2 2

S0 it remains to calculate the sum

b b
dlb-a]= > b—a |a= > Lba).
acZ \ 9 0<a<b 2 0<a<b
a=b (mod 2) a=b (mod 2)

In fact, we will calculate some more general sums, which will prove useful in the
sequel, applying ideas from [33]. Several of the following definitions come from that

paper.

Definition 5.5. For an integer a > 0, define the functions pa(n),ga(n), Pa(n),

Qa(n) as follows.
; ( ) (20)2

A

=0

Quln) = Gu(n) =3 (2:_+ll)(2z e+ =) (i’:ff) (20 4 1)241,

=0

(Defining separate Qo and G, is useful for our notation in the sequel.) Clearly
P, (n) differs from p,, only in the [ = 0 term, and this only when a = 0, so

~ _ 2n

P,y(n) = pa(n) + <n )60‘70.
Norbury—Scott in [33] show that pn(n),do(n) are closely related to the following
polynomials pa (1), go(n).

Definition 5.6. For integers a > 0, the integer polynomials p,(n),qs(n) are
defined recursively by

po(n) =1, Pasi(n) =4n?(pa(n) — pa(n —1)) + 4npa(n — 1)
q@(n) =1, qat1(n) =4n*(ga(n) — ga(n — 1)) + (4n + 1)ga(n).
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(Equation (15) in [33] appears to have a typo; the (4n + 1)ga(n — 1) should be
(4n +1)ga(n).)

Proposition 5.7 (Norbury—Scott [33]). Let a > 0 be an integer. Then pa, qo
are integer polynomials of degree o with positive leading coefficients. Moreover,

ol = () wpate) and aat) = () 2+ a0

n
Further,

2n
n

Pyo(n) = <2n)Pa(n) and Qa(n):<

n

)Qa(n),

where Py(n) = npa(n) + 0a0 and Qu(n) = (2n 4 1)ga(n) are integer polynomials
of degree o + 1 with positive leading coefficients.

Proof. Norbury—Scott [33] show that p, and ¢, are as claimed, and pq, ¢, have
degree «. It is clear from the recurrence that the coefficients are integers and the
leading coefficients are positive. The claims for P, and Q., then follow immediately
from P, (n) = pa(n) + (2")6%0 and Qu(n) = Ga(n). |

n

We compute the first few of the sums P, (n) and Qq(n).

- 2 ~ 2
Ao = ()ern Q= (2 ey
n n
~ 2n ~ 2n
Pi(n) = <n)n4n Q1(n) = <n>(2n+1) (An+1)
~ 2n ~ 2n 9
Py(n) = L) 16n(2n —1) Q2(n) = " (2n+1) (32n“ +8n+1).
Observe that, for & > 0 an integer, then
b P (m) <2’I’:Ln) P,(m) beven, b=2m
Z b—a a a2a = = 2
A m
ezt AT Qa(m) ( - )Qa(m) bodd, b=2m+1
b -
20+1 _ pa(m)
Z b—a | @ =9
0<a<b D) a(m)
a=b (mod 2)
2m
< )mpa(m) b even, b =2m
m
<2m> (2m + 1)ga(m) bodd, b=2m + 1.
m

1750012-34



Counting curves on surfaces

We have now computed the sums arising in Go3(b1,bs,b3) and we have the
following.

3 b,
Go,3(b1, b2, b3) = H Z bi —a; | G

2m;
< m )(mi +1)  b; even, b; = 2m;

2m;
i=1 < m )(2ml + ]_) bi Odd, bi = 2mz +1

m;

This immediately gives the formulae in Proposition 1.2(4)—(5).

6. Combinatorial Topological Recursion
6.1. For curve counts

We now show that the G, (b1, . . ., b,) obey the recursion of Theorem 1.4: for b; > 0
and ba,...,b, >0,

Gon(br, . bn) = D> Gy 1nia(irjba,. .. bn)
1,7>0
i+j=b; —2

+ > Gyt (b + bk —2,ba . b, b)
k=2

+ D > > Goinalisb)Go, 114105 ba)-

4,720 91,92>0 TUJ={2,...,n}
i+j=b1—2 g1+9g2=g

Here, the first term is a sum over integers i, 7 > 0 summing to by — 2; if by = 1 this
sum is empty. In the second term, the notation Ek means that by is omitted from
the list bo,...,b,. In the third term, the sum over I,J is a sum over all pairs of
(possibly empty) disjoint sets (I, .J) whose union is {2,...,n}. The notation b; is
shorthand for the set of all by, where k € I; and similarly for by. As Gy, (b1,...,bn)
is a symmetric function of the b;, it is sufficient to give b; as a set rather than a
sequence.

Note that when by + - - -+ b,, is odd, all terms are zero; in each term the inputs
to each G, have the same parity sum.

This recursion expresses Gy, in terms of curve counts on “simpler” surfaces.
We regard the complexity of a surface as given by —y, where y = 2 — 2g —n is
the Euler characteristic. All terms on the right involve surfaces with complexity
< —x(Sg¢,n) = 29 + n — 2. The first two terms involve surfaces with complexity
strictly less than 2g +n — 2, but the third term may involve surfaces homeomorphic
to S, for instance when g1 = g and I = {2,...,n}; however, in this case the number
of marked points b; + - - - + b,, decreases. Thus, repeatedly applying the recursion,
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(and permuting the b; if necessary, to avoid by = 0, as G, is a symmetric function),
one eventually arrives at terms of the form Gy ,,(0) = 1.

Proof of Theorem 1.4. Label the boundary components of S, as By,...,B,
as usual, and label the marked points on Bj; by 1,...,b; according to the bound-
ary orientation of Bj. Let p be the first marked point on B, which exists since
by > 0.

Given an arc diagram C on (S, F'(b)), consider the arc v with an endpoint
at p. Cutting along ~ yields a surface S” with an arc diagram C’ and one less arc;
~ becomes two arcs on 95’. We consider the various cases for v and show how,
in each case, we can give a standard numbering on the boundary components and
points, so that the arc diagrams so obtained are counted in Gy - (b’) for “simpler”
g',n/,b’. In each case, the location of v on 95’ after cutting can be determined, so
that C can be uniquely reconstructed from S’ and C’ by gluing these two boundary
arcs together. In this way, we obtain a bijection between G, ,,(b) and various sets
involving simpler Gy ,,»(b’) and establish the desired recursion.

We deal with the cases as follows.

(i) v has both endpoints on By and is non-separating. In this case, cutting along
~ gives S’ of genus g — 1 with n + 1 boundary components. Let the endpoints
of ~ have labels 1 and i + 2, for some integer i with 2 < i+ 2 < by, ie.
0 < i < by —2. We name the boundary components of S” as BY, ..., B}, and
their marked points, as follows. The original boundary component By splits
into B} and B) so that B contains the points originally labeled 2,...,i+ 1;
we now number these points 1,...,7. The other boundary component con-
tains points originally labeled ¢ 4+ 3,...,b;. Letting 7 = b — i — 2, we
now number them 1,...,j. We obtain an element of Gy_1 n41(%, j, b2, ..., by),
where 4,7 > 0 satisfy ¢ + j = b; — 2. And given such 4,5 and an element
of Gg—1.n41(4,7,b2,...,b,), we can reconstruct the original arc diagram in
Gg.n(b), giving a bijective correspondence between arc diagrams in G, ,,(b)
of this type, and elements of Gy_1 ,,+41(%,j, b2, ..., by) for a choice of i, > 0
with ¢ +j5 =61 — 2.

(ii) ~ has endpoints on distinct boundary components. In this case, cutting along
gives S’ of genus g with n — 1 boundary components. Let the endpoints of v lie
on boundary components B; and Bji. We name the boundary components of

S"as BY,...,B!,_,, where B is a union of By, By and the two copies of v, and

then number BY, ..., B!, in order as Ba, ..., §k7 ..., B,,. The marked points,

in order around Bj, consist of by — 1 points of By, followed by by — 1 points of

By, so that Bf has by + by, — 2 boundary points. Numbering marked points on

other boundary components as on S, we obtain an element of G ,,—1(b1 + by, —

2,b, ... ,Ek, ..., bn); and we also keep track of which of the by points on By

was an endpoint of v. Conversely, given an arc diagram of genus g with n — 1

boundary components, with one of the points not marked 1 on B; marked,

we can reconstruct an arc diagram in G,,_1(by + bx — 2, b2, . .. ,Ek, .oy bp) by
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gluing two arcs on the boundary together. This gives a bijective correspondence
between arc diagrams in G, ,,(b) of this type with elements of Gy ,,—1 (b1 + b —
2,by, ... ,Ek, ..., by) with a special marked point on Bj.

(iii) v has both endpoints on By and is separating. In this case, v cuts S into two
surfaces, S’ and S”; for definiteness, we say that as we proceed along v from
the point marked 1, S’ is on the left and S” is on the right. Let S’ have
genus g1 and S” have genus go. The boundary components of Sy are then Bj,
which contains some of By and -y, as well as other boundary components By
for k € T C {2,...,n}. Similarly, the boundary components of Sy are B,
which contains some of By and -y, as well as other boundary components By
for k € J C {2,...,n}. Here, T and J are disjoint and T U J = {2,...,n}.
Let B] and By contain i and j marked points, respectively; then i,5 > 0
and i+ j = by — 2. As in the previous cases, we obtain a bijection between arc
diagrams in G, ,,(b) of this type, and elements of Gy, |7141(4, b1) X Gy, |7141(j, bs)
over the various possible 4, j, g1, g2, I, J. Since Bj is split into two boundary
components, we can number the marked points on the pair of smaller surfaces
so as to indicate how they can be glued back together. |

6.2. For non-boundary-parallel curve counts

The Ny, (b) and J/\fg,n(b) also obey a recursion, slightly more complicated than the
Gg,n(b) case.

Proposition 6.1. For (g,n) # (0,1),(0,2),(0,3) and integers by, ..., b, such that
bl > 07 b27"'abn > 07

m .o
Ng,n(b) = Z 5 g—l,n+1(z,],b2;~-~7bn)

i,5,m=>0
i4j+m=by
m even

n
m - . ~
+Z Z Ebj Ngm_l(Z,bQ,...,bj,...,bn)
j=2 i,m>0
i+m:b1+bj

m even

—~—

m - .
+ > 5 bi Nyn—1(i,ba, ..., Dj, .. by)

i,m>0
i+m:b17bj
m even
m . .
+ § § 5} Ny in141(361) Ngy 1714105, b)
g1+92=g 1,5,m>0

IuJ={2,...,n}  i+j+m=by
No discs or annuli " even
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< 1 - = < ..
blNg,n(b) = Z 5 vym Ngfl,n+l(7f7]7b27' . abn)

i,5,m=>0

+ Z gm]/\}gm_l(i,bQ,...,l;;',...,bn)

i,m=>0
i+m=b1; —b;
m even
1 - = =5 . -~ .
+ > > 5 13 m Noy 141(2,b1) Nos 7141(7: b7)-
g1+g2=g i,7,m>0
TuJ={2,...,n}  i+j+m=by
No discs or annuli m even

We explain the notation on the right-hand side of each equation. The tilde over
the second summation in brackets is interpreted as follows. If by —b; > 0, then read
the sum as is: it is a sum over non-negative integers i, m such that i +m = by — b,
and m is even. If by — b; < 0, then replace by — b; with b; — b; and make the sum
negative: i.e. the term in the first equation becomes

m — . ~
— E Eb] Ng,nfl(l,b%...,bj,...,bn)
i,m>0
i+m:bj—b1

m even

the “no discs or annuli” condition means that we exclude terms in which (g1, |I|+1)
or (ga2,|J| + 1) is equal to (0,1) or (0,2). This idea of splitting the sum this way
appears in [31]; indeed these recursions are very similar to the recursions appearing
in that paper. (In fact, if we drop the bars over i’s and j’s, the recursion on ]Vg,n
should be identical. Norbury does not explicitly specify the parity requirements,
but they are implicit. His Eq. (5) also has a typographical error, since there should
be factors of 1/2 in each term.)

Again, the terms are only non-zero when b; + - -- + b, is even; but the result
holds even when this sum is odd, as all terms are then zero.

The proof is based on a similar analysis as the recursion for G, ,(b), but
there are significantly more subtleties arising from the lack of boundary-parallel
arcs, and the argument fails for annuli and pants. Hence, we exclude (g,n) =
(0,1),(0,2),(0,3).

To illustrate some of the difficulties, let C' be a non-boundary-parallel arc dia-
gram on (S,.,, F(b)), and let v be an arc of C' starting at the base point on Bj.
After cutting along v, we obtain a less complex surface S” (possibly disconnected),
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D

cut along =

Fig. 8. Arc § parallel to v becomes boundary-parallel after cutting along ~.

cut along =
_

Fig. 9. Arc ¢ running from B; around B2 becomes boundary-parallel after cutting along v from
B1 to Ba.

with a simpler arc diagram C’. However, the arc diagram C’ may contain boundary-
parallel arcs: it is possible that arcs of C, which were not boundary-parallel, might
become boundary-parallel after cutting along ~.

For instance, suppose, we have an arc § which is parallel to . After cutting
along v, § becomes boundary-parallel: see Fig. 8. For another example, suppose y
connects two distinct boundary components By and Bs, and § is an arc which runs
from By, around Bs, back to Bj: see Fig. 9. Again J is not boundary-parallel, but
after cutting along v, § becomes boundary-parallel. We now establish that these
are the only cases in which arcs can become boundary-parallel.

Lemma 6.2. Let C be an arc diagram on (S, F) = (Sg.n, F(b)) without boundary-
parallel arcs. Let v be an arc of C and let the result of cutting along v be the arc
diagram C' on (S',F'). If § is an arc of C which is boundary-parallel in S’, then
ezactly one of the following cases occurs:

(1) v has endpoints on two distinct boundary components B;, B; of S, and

(a) 0 is parallel to v (as in Fig. 8)
(b) 6 has both endpoints on B;, and runs around B; as in Fig. 9;

(ii) ~ is non-separating with both endpoints on the same boundary component B,
and § s parallel to ~;

(iii) ~ is separating, and 0 is parallel to ~.

Proof. Any arc v of C falls into precisely one of the cases (i), (ii) or (iii). Clearly
any arc d of one of the types listed becomes boundary-parallel after cutting along ~.
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Now suppose an arc § becomes boundary-parallel after cutting along . Let the
endpoints of v lie on boundary components B; and Bj; (possibly ¢ = j). Then 6
must be homotopic, relative to endpoints, to an arc lying along B; U B; U~. So &
is parallel to 7, or runs around B; as claimed. O

Proof of Proposition 6.1. We first prove the recursion on IV, ,,. Let p be the first
marked point on By, and let v be the arc of C' with an endpoint at p. We consider
three cases for 7; in each case, we cut along v, and remove any arcs which become
parallel (i.e. those described in Lemma 6.2) to obtain a simpler boundary-parallel
arc diagram on a simpler surface. We can then construct bijections between arc
diagrams on (S, F') and arc diagrams on simpler surfaces.

(i) v has both endpoints on By, and is non-separating. Orient v so, that p is the
start point. Cutting along v produces S' = Sy_1,n+1. So, Bi is split into two
boundary components B}, B). Let the number of arcs parallel to 7, including
v, be F, 80 m > 2 is even. The 7 — 1 arcs parallel to ~, other than 7,
are precisely the ones that become boundary-parallel in S’. Let the number of
points remaining on Bf and B after removing these boundary-parallel arcs be
i and j, respectively. Together v and the arcs parallel to v have m endpoints,
all originally on Bj, so we have ¢ + j + m = b;. Labeling boundary points
in a standard fashion, we obtain an equivalence class of arc diagram C’ in
Ng—1n41(i,J, b2, ..., by). For any 4,7,m > 0 such that i + j + m = by and m
is even, such arc diagrams C” exist. Moreover, from the data of C’ and m,
the original arc diagram C' can be reconstructed: the boundary labeling on
C" indicates which boundary segments are to be glued back together, and m
parallel arcs are drawn there.

However, there may be several arc diagrams on (.5, F') which lead to the
same arc diagram C’ and the same number m. In particular, this occurs if we
take the same arc diagram C but shift the basepoint p on B; so that v becomes
another one of the m/2 arcs parallel to the original . All the arc diagrams on
S which lead to C’ and m are of this form. As v starts at p, there are m/2
such possibilities for p. Hence, the number of arc diagrams in Ng,n(bl, ey bp)
for which + has both endpoints on B; and is non-separating is given by the
first summation in the recursion.

(ii) v has endpoints on distinct boundary components By and Bj, or is separating
(hence has both endpoints on Bi) and cuts an annulus off S. In the latter
case, let the boundary component around which « loops be B;, so that Bj is a
boundary component of the annulus cut off by . (Note that as (g,n) # (0, 3),
~ cannot cut S into two annuli; if v cuts off an annulus, then only one annulus
appears. The possibility of two annuli causes the recursion to fail in the case
(g’ ’/l) = (07 3))

Let m/2 be the number of arcs “parallel” to ~, in the following sense. If
v runs from B; to B;, we take the arcs parallel to v, including ~; and also
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(a) (b)

Fig. 10. Orientation on arcs running (a) from B1 around Bj, and (b) from Bj around Bi.

those which run from B; around Bj; and back to By; and also those which run
from B; around B; and back to Bj; these curves become boundary-parallel in
S’ = Sgn—1.If v cuts off an annulus around B;, we take the arcs parallel to v,
including +, and also those which run from By to B;. These m/2 arcs consist
precisely of v and the arcs which become boundary-parallel in S’. (Note that
there cannot both be loops from B; around B;, and loops from B; around B;.
The former can only occur if by > bj;, and the latter can only occur if b; > b;.)

For those arcs with endpoints on By and Bj, orient them from B; to B;.
For those arcs with endpoints on By which loop around Bj (i.e. those which cut
off annuli), orient them as shown in Fig. 10(a) so that they run anticlockwise
around B;. For those arcs with endpoints on B; which loop around By, orient
them as shown in Fig. 10(b) so that they run anticlockwise around B;.

After cutting along v and removing all the “parallel” arcs described above
— which are precisely the arcs that become boundary-parallel in S — we
obtain an arc diagram on S’. Boundary components B; and B; are combined
into a boundary component Bj of S’. Let ¢ be the number of marked points on
B'. Now v and all the arcs “parallel” to it have m endpoints, so i+m = by +b;,
and m is even. Labeling boundary points in a standard fashion (starting near
p, say, and proceeding around the boundary numbering points consecutively),
we obtain an arc diagram C’ in Ny ,_1(4,b, ..., bAj, ..., by). For any integers
2 <j<nandi,m > 0suchthat i+m = b;+b; and m is even, the arc diagram
C' can be reconstructed from C’ and m: again, the labeling on C’ indicates
which boundary segments of C’ to glue to obtain two boundary components
By, Bj with by, b; marked points; and we draw m parallel arcs there, possibly
including loops from B; around B; or loops from B; around B;.

However, there may be several arc diagrams on .S which lead to the same
arc diagram C” on S’ and the same m. For one thing, if we adjust the basepoint
p on Bj so that v is replaced by any of the arcs “parallel” to the original -,
cutting and removing boundary-parallel arcs leads to the same C’ and m. For
another, the arcs from B; to B; can be adjusted so as to meet B; at different
points; there are b; ways to adjust any such diagram. (The effect is like a
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“fractional Dehn twist” about B;. Equivalently, the labeling on B; can be
adjusted so as to place the basepoint at any position.) As S is not an annulus,
these two types of adjustment are independent. (When S is an annulus, these
two types of adjustment have the same result, and the claimed recursion fails.)

Suppose for now that by > b;. Then the m/2 arcs “parallel” to v consist of
arcs from B to B;, and possibly arcs from B; looping around B;. (But there
cannot be any arcs from B; looping around Bj.) There are precisely m/2
positions for p on Bj so that p is the start point of one of these arcs; and for
each such choice, the points at which arcs meet B; can be adjusted in Bj ways.
Hence, the number of (equivalence classes of) arc diagrams in Ny, (b1, ..., by)
for which v runs from B; to Bj, or runs from B; around Bj, and is oriented
so that p is the start point of ~, is given by

m - . ~
E Ebj Ng’nfl(l,b%...,bj,...,bn).
i,m>0
i+m=b1+b;

m even

However, there is also the possibility that p is the endpoint of . Such a situation
only arises when  is an arc from By which loops around By; in this case, as
bj < by, there must be b; arcs connecting B; to B;. Redefine m/2 to be the
number of arcs from B; looping around B; (i.e. cutting off an annulus with B;
as a boundary component). Still letting ¢ denote the number of marked points
of C" on B, these i points together with the m endpoints of the arcs looping
around B; and the b; arcs from B; to Bj; together make up all the marked
points on Bi, so ¢ +m + b; = by. Again C' can be reconstructed from C’ and
m. Again there are several arc diagrams on (S, F') with p as the endpoint of
~ which lead to the same C’ and m: we may rotate the arcs to meet B; at
different points in b; ways; and we may adjust the basepoint p to be any of the
m/2 points on B; at which an arc looping around B; ends. Thus, the number
of arc diagrams in N ,, (b1, ..., by,) for which v runs from B; around B;, and
is oriented so that p is the end point of v, is given by

m - _ ~
E Ebj Ngm_l(l,bg,...,bj,...,bn).
i,m>0
i+m:b1—bj

m even
This covers all possibilities in the case by > b;.
Now suppose b1 < b;. Note that in this case the arcs “parallel” to  consist
of arcs from By to Bj, and possibly arcs from Bj; looping around Bj. Let m/2
denote the number of these “parallel” arcs. As in the case by > b;, the term

m - . ~
> 5 b3 Non-1(isba, .10y, bn)
i,m>0

i+m=b1+b;
m even

gives the number of arc diagrams in Ny ,,(b1,...,b,) for which p is the start
point of the arc v along which we cut. However, it counts these diagrams
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regardless of whether p lies on B; or B;! We must therefore subtract off the
diagrams for which p lies on B;.

In such cases, v is an arc-based at B; looping around Bi, and as b; < bj,
there must be by arcs connecting By to B;. Redefine m/2 to be the number of
arcs from B; looping around By, so i +m + by = b;. By a similar argument as
above, the number of arc diagrams in Ny ,(b1,...,b,) for which v runs from
B; around By, and is oriented so that p is the start point, is given by

3 %BjNg,n_l(i,bQ,...,Ej,...,bn).
i,m>0
i+m=b; —by
m even
Hence, the number of arc diagrams in N, (b1,...,b,) for which v has
endpoints on distinct boundary components, or is separating and cuts off an
annulus, is given by the summations in the second line of the recursion.

(iii) v is separating but does not cut off an annulus. As C has no boundary-parallel
arcs, y cannot cut off a disc either. Thus, it remains to consider separating ~y
where no discs or annuli arise. If we orient v to start at p, as S is oriented,
then cutting along ~ there is a surface 57 to the left of v and a surface S5 to its
right. Let S; have genus ¢g; and S have genus gs, s0 g1,92 > 0 and g1 + g2 =
g. After cutting along -, boundary component B; contributes a boundary
component B to S; and B{ to S3; the remaining boundary components of Sy
and S5 come from the original boundary components Bo, ..., B, of S. Let Sy
contain boundary components whose numbers consist of I C {2,...,n}, and
let S contain boundary components J C {2,...,n}, so ITUJ = {2,...,n}.
There may be arcs which become boundary-parallel after cutting along C:
such arcs will be parallel to ~; let there be 4 — 1 of them, so that v and
its parallel arcs together contain m endpoints. Let B}, BY contain 4, j marked
points respectively, so ¢ + j +m = b; and m is even. Labeling boundary points
in a standard fashion, we obtain an arc diagram Cy in Ny, |41(4,br) and an
arc diagram Cy € N, |741(j, bs). For any g1, 92,4, j,m > 0 and I, .J such that
g1t+g2=9g,IUJ={2,...,n},i+j+m = by and m is even, such arc diagrams
C, and C5 exist, and conversely, from C7,Cy and m, the original C' can be
reconstructed.

However, several arc diagrams on (S, F') could lead to the same C’ and
m: this occurs if we shift p so that v is another one of the m/2 arcs parallel
to the original -y. Since ~ starts at p, there are m/2 such possibilities for p.

Hence, the number of arc diagrams in Ny ,, (b1, .. ., b,,) for which ~ is separating,
but does not cut off any discs or annuli, is given by the third line of the
recursion.
Putting these cases together, the number of arc diagrams in Ny, (b1,...,b,) is as
claimed. Dividing through by bs - - - b, (and since b; > 0, so by = b;) we obtain the
recursion on J/\fg,n. |
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6.3. Applying the recursion

So far, we have found Ng 1, No2 and Ny 3 (Lemma 3.15 and Sec. 5.2), and hence

also N0717N0727N0’3. If we apply the recursion to J\Afm(b) directly, then using
No’g(bl, bg) = (51,1’1,2/?)17 we obtain

=55 ]-TT =5 .. 1*. 17
bNy1(b) = Z §z]mN0,2(z,]): Z §zm§i,j: Z i m.

i,j,m=>0 i\j,m>0 i,m>0
i+j+m=b i+j+m=b 2i+m=b
m even m even m even

When b is odd, there are no terms in the sum; when b is even, we obtain

Fal) =2 Y 0@a=5 3 pa+g (13)

- 2b
p,q>0 p,q>0
p+q=>b p+q=>b
q even q even

In_the last step, we used the fact that m = p/2, except when p = 0, in which case
p/2=7p/2+ % In the next section, we compute this and more general sums.

7. Polynomiality Results
7.1. Some useful sums

We aim to show quasi-polynomiality of ]\Afg,n(bl, ...y by) for (g,n) #(0,1),(0,2). For
this, it will be useful first to compute certain summations, following the techniques
of Norbury in [31]. Several of the following definitions appear in that paper.

Definition 7.1. For integers m > 0, define the functions A,,, S, : Ng — Ny by
the following sums:

Am(k) = Z "a,  Sm(k) = Z p* .

pjqu(L pjqu(L
1()1 e({/zn 1()1 e({/zn

Note that once the parity of k is given, the sum is over p and ¢ of fixed parity: ¢
is even, and p has the same parity as k. The functions A,, and S,,, are clearly very
similar; they only differ in their p = 0 terms, and then only when m = 0.

Definition 7.2. For integers m,n > 0, define the functions B,, », B?n_’n, B}n_’n,
R, R?nm7 R}nm : Ng — Ny by the following sums.

Bm,n(k) _ Z P C7]92qun7,, Rm,n(k) _ Z p2m+1q2n+17_

P,q,7>0 P,q,m=0
ptq+r=Fk ptq+r=Fk
T even T even
0 _ =~ _2m 2n 0 _ 2m+1 2n+1
By, (k) = > papTetr Ry, ()= pT g
p,q,72>0 p,q,7>0
ptqg+r=Fk pt+g+r=k
p even, r even p even, r even
1 _ — = 2m 2n 1 _ 2m—+1 _2n-+1
BlLak)= papr¢'r  RL (k)= p T
p,q,72>0 p,q,72>0
pt+q+r=k ptq+r==k
p odd, r even p odd, r even
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The summations in B,, ,, R, » are over integers p, ¢, > 0 such that p+qg+7r =
k and r is even. If the parity of k is given, then the parities of p and ¢ in the
sum are not fixed. For instance, if k£ is even, then the sum will be over triples
(p,q,7), where (p,q,7) = (0,0,0) and (1,1,0) (mod 2). When we split these sums
into those terms for which p is even or odd, we obtain B?nm and B}mn,
0 Byn = By, ,, + B}, .. Similarly, R, , = R, ,, + R}, .

Clearly each B sum is very similar to the corresponding R sum; they differ only
in terms where p = 0 or ¢ = 0, and then only when m =0 or n = 0.

The sums Sy, Ry, were defined by Norbury in [31]. He proved results about the
ir polynomiality, and we will show similar results for Ay, Bm.n, By, s By oy Roy
and R}w’n. Our proof follows the methods of Norbury, which in turn rely on a result
of Brion—Vergne [5] generalizing Ehrhart’s theorem. By a convex lattice polytope in
R", we mean a polytope P in R", with all vertices in the lattice Z", i.e. the convex
hull of a finite subset of Z". We denote by P the interior of P and by P the
boundary of P; if P° is non-empty, then P must be n-dimensional. For any non-
negative integer k, the set kP = {kx : © € P} is again a convex lattice polytope.
Given a function ¢ : R® — R, we may sum it on the lattice points of P, P° or OP.
We may in fact sum ¢ over the lattice points of kP or kPY or P and see how this
sum varies with k. Thus, we define

Np(o,k) = > o),

respectively,

zeZ"NkP
Npo(¢. k)= > ¢(z), and Nop(p,k)= Y  ¢(x).
z€Z"NkPO z€Z"NkOP

Since 9P = P\P°, and similarly kP = kP\kP", we have immediately

Nop(¢,k) = Np(o, k) — Npo (o, k).

The result of Brion—Vergne says that under certain circumstances, these are poly-
nomials obeying a surprising property.

Proposition 7.3 (Brion—Vergne [5, Proposition 4.1]). Let P be a convex
lattice polytope in R™ with non-empty interior P°. Let ¢(x1,...,2,) be a homoge-
neous rational polynomial of degree d. Then Np(¢p,k) and Npo(¢,k) are rational
polynomials in k of degree n + d. Moreover,

NPO(d)ak) = (_1)n+dNP(¢7_k)' U

Note that while Np(¢, —k) does not appear to be defined, when —k is a nega-
tive integer, the notation means to substitute —k for k£ in the polynomial function
Np(¢, k). Thus, the two polynomials are obtained from each other by replacing k
with —k and adjusting the overall sign.
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Lemma 7.4 (Cf. Norbury [31, Lemma 1]).

(i) Let m > 0 be an integer. Then A, (k) and S, (k) are rational odd quasi-
polynomials of degree 2m + 3, depending on the parity of k, which differ by
a lower-degree quasi-polynomial.

(i) Let m,n >0 be integers. Then By, n(k), By, ,,(k), By, . (k), R n(k), Ry, (),
Rimn(k) are all rational odd quasi-polynomials of degree 2m + 2n + 5, depend-
ing on the parity of k. Each of Bm,mB?ntrln,n differs from the respective
Ry n, R?n " R}nm by a lower-degree quasi-polynomial.

In all cases, the leading coefficients are positive.

Proof. Norbury [31, Lemma 1] proved that Sy, (k) is an odd quasi-polynomial of
degree 2m + 3, depending on the parity of k; it follows from the proof that the
coefficients are rational. We then observe that

= > wma= > P"a+ D 7= Sm(k) +0mo Y ¢

p,q>0 p,q>0 q>0 q=k
p+q=k pt+q=k p=0, q=k q even
q even q even q even

The second term here is zero, unless m = 0 and k is even, in which case it is k.
Thus, Ag(k) = So(k) + k for k even, and Ag(k) = So(k) for k odd. Since So(k) has
degree 3, Ag(k) is a rational odd quasi-polynomial of degree 3, depending on the
parity of k. When m > 0 we have A, (k) = Sy, (k) for all k. So for all m, A, (k) is a
rational odd quasi-polynomial of degree 2m+ 3, given by S,,(k), plus a lower-degree
quasi-polynomial.

We now turn to the various R functions. Consider the following convex lattice
polytope in R3:

P={(z,y,2) €ER®:2,y,2>0, 2z +y+ 22 < 2}

which is the convex hull of {(0,0,0),(1,0,0),(0,2,0),(0,0,1)}. This P is a 3-
simplex, with three of its four (2-dimensional) faces right-angled triangles in the
zy, yz and zzx planes, and the fourth face cut out by the plane 2x + y + 2z = 2 in
the positive octant.

Consider the polynomial function

P(a,y,z) = a?" Tyt

fixing m and n throughout this discussion, so deg¢ = 2m + 2n + 3. Applying
Proposition 7.3 to P and ¢, Np(¢, k) and Npo (¢, k) are rational polynomials in &
of degree 2m + 2n + 6, and Npo(¢, k) = Np(¢, —k). Hence

N@P(¢vk) - NP((ZS)k) _NPO(d)ak) - NP((ZS)k) - Np(d),—k’)

is an odd rational polynomial function of & of degree < 2m + 2n + 5.
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Now ¢(0,y,2) = ¢(x,0,2) = ¢(x,y,0) = 0, so ¢ vanishes in the zy, yz and zx
planes, hence on three sides of P. We thus have

Nop(0,B)= 3 i

z,y,220
2x+y+2z=2k

Let p =2z, ¢q =y, r = 2z. So x, y, z are non-negative integers such that 2x+y+2z =
2k if and only if p, g, are non-negative integers such that p + ¢ + r = 2k with p,r
are even (hence ¢ is also even). Hence

2m—+1
p " r 1
Nop(¢, k) = Z <§> e (§> = 227n—_|_2R(7)n,n(2k)'

p,q,r=>0
p+q+r=2k

p even, r even

Thus, for even k, R), , (k) is an odd polynomial of degree < 2m + 2n + 5. An
elementary estimate gives us that the degree is exactly 2m + 2n + 5. For instance,
for any positive integer k and positive integers u, v, w with u + v +w = k, we have
(k 4 u,2k + 2v, k + w) € 8k OP. For given k there are (kgl) such points, and for
each we have

d(k +u, 2k + 20, k + w) = (k + u)*™ T (2k + 20)?" T (k 4 2) > k2mH2nts
so that

k—1
Nop(¢,8k) = v) > k4w, 2k + 2v, k +w) > 2mt2nt3,
o= 3 oz 3o > (*3")
Hence, deg Nop (¢, k) > 2m+2n+5 and thus the degree must be exactly 2m+2n+5.
We have proved that for even k, R?nm(k) is an odd polynomial of degree 2m+2n+5.
Now we consider R, , (k) for odd k. So let k = 2k + 1 and consider (following
Norbury)

Npo(@, & +1) = Np(@, &) = Npo <¢>7 —kgl) ~ Np <¢>7 %) .

The first sum is a sum of ¢(x,y, z) over lattice points (z,y, z) in the interior of
(k4 1)P, hence over all integers x,y, z > 0 such that 2 +y+22 < 2(k+1) = k+1.
The second sum is a sum of ¢(x,y, z) over lattice points (z,y, z) in kP, hence over
all integers z,y,z > 0 such that 2z + y + 2z < 2k = k — 1. After subtracting

(and recalling that ¢ vanishes when any of x,y, z are zero), we are only left with
x,y,z > 0 such that 2z + y + 2z = k. Thus

k+1 k—1 m "
Npo (¢, T) — Np <¢7 T) = Z g2mHly2n+,

x,y,2>0

2e+y+2z=k
p 2m—+1 r 1
_ 2n+1 _ 0
= > (5) y <§>—W—+23m,n(k)-
p,q,r=>0
ptq+r=k

p even, r even
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Applying Proposition 7.3, Np(¢,t) and Npo(¢,t) are rational polynomials in ¢
of degree 2m + 2n + 6, and Npo(¢,t) = Np(¢, —t). Thus, still taking k = 2k + 1 to
be odd,

1 k+1 k-1
Fomzz Bomn (k) = Npo <¢>, T) — Np (aS, T)

This is evidently an odd function of k, and it is a polynomial in k of degree <
2m + 2n + 5. A similar estimate as above in the case k even shows that the degree
is exactly 2m + 2n + 5.

We have now shown that R} , (k) is a rational odd quasi-polynomial of degree
2m+2n+5. Norbury in [31, Lemma 1] showed that R,, (k) has the same property.
It is clear from his argument that the coefficients are rational. Thus R}mn =Ryn—
R?n’n is a rational odd quasi-polynomial of degree < 2m + 2n+ 5, depending on the
parity of k. An estimate of the sort used above shows that R}mn has degree exactly
2m + 2n + 5.

Now consider the various B functions. For B,, (k) we compute,

Brn(k)= > pap™¢r
P,q,r=0
pFqtr=k

T even

= Ry (k) + 60.0Sm (k) + 6m.05n (k) + 6m0dno Y -

r=k
r even

The last sum is k, if k£ is even, and 0 if k£ is odd.

When m = n = 0 are zero, By o(k) is given by Ro (k) + 250 (k) + k for k even
and Roo(k) + 250(k) for k odd, where degSy = 3 < 5 = deg Rp 0. When m = 0
and n # 0, we have By (k) = Ron(k) + Sn(k), where deg S, =2n+3 <2n+5 =
deg Ry,,. The case m # 0 and n = 0 is similar. If m,n are both non-zero, then
Bryn(k) = Ry (k).

In all cases, then By, ,,(k) is given by Ry, »(k), plus a lower-degree odd rational
quasi-polynomial (possibly zero) depending on the parity of k. Hence, By, »(k) is a
rational odd quasi-polynomial of degree 2m + 2n + 5.

We can perform a similar computation for By, , (k), expressing it as Ry, (k)
plus lower degree terms; and similarly again for B}, , (k). We conclude that both
are also odd rational quasi-polynomials of degree 2m + 2n + 5 depending on the
parity of k.

As all the functions are defined by summing positive polynomials on positive
integers, all highest degree coeflicients must be positive. |
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The first few polynomials among the A,, and B,, ,, are

1 2
ﬁk3+§k k even
Ao(k) = | X
R 3__
Sk = gk kodd
1 1 4
Ek5—6k3+ﬁk k:even
Alk) = 1 1 17
o - Gk gk kodd
1 1 2 1
8—4k7 6k5+§k3 %k k even
Aalh) = 1 1 43
— kT 2K+ 2k — 2k kodd
g1t g Tt oTggt o
1 1 7 40 64
— KTk - B+ —k K
Al — 1 116 *5 T evett
1 1 7 40 769
— K KT+ kP — =B+ —k Kk odd
" 8" 75 9 240 ©
1 13
— 4+ k2 + Zk  keven
S
skt gk~ gk kodd
1.7 7 41
- — K- K+ —k K
Bo (k) = ) 1650 a0t et Taon YR
’ 1 7 7 341
— K+ — kK~ B+ 2k kodd
680" T 180 60" T 3360 ©
1 4 1 . 169 . 185 , 17
i Ry YLy P Ry T iy "
Bua(k) — 4 0048° T4 140 Tast Tn e
’ 1 ¢ 1 . 169 . 185 , 91
018" T 1" T Tam” T3’ " amh Fodd
1 4 1 .. 1. 23 ., 3
kO — kT kS 23 g
By (k) — 4 200607 8107 T 96T T 630 70 even
’ 1 1 1 23 61
— k- — T+ k- P+ ——Fk kodd
20160 520" 196 630" T 2240 ©

Although A,, (k) was originally defined as a function Ny — Ny, since we now
know it is a quasi-polynomial it naturally extends to a function Z — Z. We can
similarly extend all the B, R, S functions.
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Lemma 7.5. For any non-negative integers m,n and any integer k,

~ 2 2m 2
A (k) = g pp“™q and Byn(k E papg™r
p,q2>0 p,q,7>0
ptq=k ptgt+r=k
q even T even

Recall from Sec. 6.2 that the tilde over the summation means that if & > 0,
interpret the sum as is; if k& < 0, then take the negative of the sum over p+ ¢ = —k
orp+q+r=—k.

Proof. We prove the result for A,,(k); By, (k) is similar. When k > 0, this is true
by definition. When & = 0, we know A,,(k) = 0 as A,, is odd, and the summation
consists only of the term with p = ¢ = 0. When k£ < 0, we have

S ppa=— > ppq=—An(-k)

p,q>0 p,q2>0
ptq=k PHq=—
q even q even
which is equal to A,,(k), as A,, is odd. O

The following lemma now follows immediately from the properties of A,,(k) in
Lemma 7.4.

Lemma 7.6. For any integer m > 0,
Am(z +y) + Ap(z —y)

s a quasi-polynomial function of x and y, depending on the parity of x and y, odd
in x and even in y, of degree 2m + 3, with all coefficients of highest total degree
being positive.

7.2. Polynomiality for non-boundary-parallel counts

We now prove polynomiality of ]Vg n- Lemma 7.4 allows us to compute the summa-
tions in the recursion of Proposition 6.1 for Vg ,, and we have computed enough
initial values.

For instance, in Eq. (13), we found an expression for ]\7171(1)) for b even, which

we Now recognize as
1

= Ao(0) + 7.

Since Ag(b) = 15b% + 2b for even b, we immediately obtain a closed expression

Ny(b) =

MAM=—¥+%-mm¢0wm

proving Eq. (11) in Proposition 1.5.
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Similarly, we can compute ﬁ0,4- From the recursion (Proposition 6.1) for ]\Afg,n,
we have

4

~ 1 -~ ~
b1N0,4(b):Z§ Z zmN073(z,b2,...,bj,...,b4)
Jj=2 i,m>0
z+m:b1+bJ

—~—

+ E imN073(Z',b27...,bj,...,b4)
i,m>0
i+m:b1—bj
m even
When Y b; is odd, all terms are zero, so assume Y b; is even. In this case, all Ny 3
occurring have arguments with even sum, and hence each Ny 3 occurring is equal

to 1. We then obtain (using Lemma 7.5)

4 e~ 4
2b1No.a(b) = Soim+ DY im | =) A(by+by) + Alby — by).
j=2 i,m>0 i,m>0 j=2
i+m:b1+bj i+m:b1—bj

We will compute J/\7074(b1, ba, b3, by) assuming that by, be are even and bs, by are
odd; when by, by, b3, by have different parities a similar method will work. Recall
Ao(k) = k% + 2k when k is even and k% — Lk when k is odd. By Lemma 7.6,
each Ag(b1 + b;) + Ap(by — b;) is odd in by and even in b;; explicitly

1 1 4
Ag(b1 + b2) + Ao(b1 — b2) = gb‘i’ + 5blbg +3b

and
1, 1, , 1
Ao(bl + b3) + Ao(bl — b3) — Ebl + §b1b3 - gbl
with a similar calculation for Ag(b; =+ bs). Putting these together, we obtain
No

B

1 1
4:Z(b%+b§+b§+bi)+§.

Completing the calculation for other parities of (b, ba, b3, bs), we obtain Eq. (10)
in Proposition 1.5.
Using a similar method, we now prove polynomiality of N , in general.

Proof of Theorem 1.7. We prove the result by induction on the complexity
—x = 29 +n — 2 of the surface. For —x =1, i.e. (g,n) = (1,1) and (0, 3), we have
proved the result directly; we consider ]Vg,n with complexity at least 2, supposing
the result holds for all surfaces of smaller positive complexity.
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Fix a parity for each by, ..., b,. We claim that ]ng(b) is given by a polynomial
in by,...,b, which is even in every variable and with total degree 3g — 3 + n in
b ..., b%, with all top-degree coefﬁcients positive.

Consider the recursion for Ng n(b) in Proposition 6.1. Each N in the recursion
is of the form Ng L1, Ng,n 1, Or J\Afgzmz where ¢ < g and n’ < n — 2, but
(¢',n") # (0,1) or (0,2). So each term corresponds to a surface with strictly smaller
complexity. Further, neither ]\7071 nor ]\7072 ever appears; every term appearing has
positive complexity. So we know that every N appearing in the recursion is given
by a quasi-polynomial with all the claimed properties.

After expanding out the sum Z _o in the second line of the recursion, and the
sum over g1 + g2 = g and I UJ = {2,...,n} in the third line, we can express
b1 N, (b) as a finite collection of sums, where each sum is either over i,m > 0
such that ¢ +m = by £ b; (for some j) and m is even, or over ¢, j,m > 0 such that
i+ j+m= b1 and m is even. In the first case, each sum is, up to a constant, of
the form szg n(4,01); and in the second case, of the form ij mﬁg/,n/ (4,4,br)
ori j mNg (1, bI)Ngu,nu(j, by). In both cases, (¢',n’) or (¢”,n”) has positive
complexity that is lower than (g,n), and b; denotes some subset of bo,..., by,.
Either way, the N factors are all even functions of all their variables. Also, all
sums are equal to the sums, we obtain by writing a tilde over them; and all top-
degree coefficients are positive. Thus, each summation is of one of the following two
t/}\rpes, for some function p that is a positive constant times an Nora product of
N’s:

Type 1: > imp(i,br), Type2: > ijmp(i,j,br).

i,m=>0 i,7,m>0
i+m=bq :I:bj i+j+m=b1
m even m even
Having fixed the parity of by,...,b,, we now consider the possible parity of i and

j occurring in the sums. In a summation of type 1, the parity of 7 is fixed. In a
summation of type 2, the parity of ¢+ j is fixed; hence there are two possibilities for
the parity of 7 and j, and we can split the summation into two separate summations
where the parity of each variable is fixed.

In any case, we are able to express blﬁgm(b) as a finite sum of terms, where each
term is a summation of type 1 or 2, with the parities of each variable fixed. In each
summation p(i,by) or p(i, j,br) is a polynomial with top-degree coefficients positive
and even in all its variables. Taking each term of each polynomial separately, and
factoring out variables not involved in the summation, each term of type 1 becomes
a finite collection of sums of the form

s oa q(br)Aq(k) k= e (mod 2),
> -{:

q(br)

11
im0 otherwise,
i+m=k
i=e (mod 2), m even
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where ¢(by) is a constant (for terms of highest degree, a positive constant) times
a product of even powers of b;’s. We determined in Lemma 7.4 that A, (k) is odd
in k; and since the parity of k is fixed, A,(k) is a polynomial in k. Every time,
we see A, arising, it is from the second line of the recursion, hence appears in
the form A,(by %+ b;), both terms appearing together; by Lemma 7.6, the result
is odd in by, even in b; (and indeed all other b;), with top-degree coefficients
positive.
Similarly, each term of type 2 becomes a finite collection of sums of the form

N i br)B% (k) k=d0+¢ (mod?2),
q(br) Z 7732952 = q(br) B; (k) | ( )
i,3,m20 otherwise,
i+j+m=k
i=§ (mod 2),

j=e (mod 2), m even

where 0, ¢ € {0, 1}. Here, again q(br) is a constant (positive for highest degree terms)
times a product of even powers of b;’s. From Lemma 7.4, each B, (k) is odd in k,
and since the parity of & is fixed, B, (k) is a polynomial in k. Every time, we see
B, arising, it appears in the form B, ;(b1), hence the result is odd in by and even
in all other b;.

After collecting terms and simplifying all A,’s and Bgp’s, the result for
bll\Afg,n(b) is divisible by b1, odd in by, and even in all the other variables. Hence,
N, n(b) is an even polynomial in all the variables as desired.

We can also keep track of degrees. Let us keep track of the degrees of the
variables rather than their squares, so we will show N, ¢,n has degree 6g—6+-2n. In the
recursion, the first term has ﬁg,l,nﬂ, which has degree 6g+2n—10: it is multiplied
by i jm and all summations are of B, s, leading to a total degree of 6g—5+2n. The
terms in the second line have J\Afg,n,l7 which has degree 6g—8+2n: it is multiplied by
i m and the summations give 4, polynomials, leading to a total degree of 6g—5-+2n;
the summation over j does not alter the degree. The terms in the third line have
]vgl7|1|+1]v92,w+1 which has degree 6(g1 + g2) — 12+ 2|I| +2|J| +4 = 69 — 10 + 2n;
we then multiply by ¢ j m and sum, obtaining B, ; polynomials and a total degree
of 6g — 5 + 2n. As all top-degree terms are positive, there can be no cancelation
of terms and the right-hand side of the recursion is of degree 6g — 5 + 2n, with all
highest-degree coefficients positive. Dividing by by then gives the degree of ]Vg,n as
6g — 6 + 2n. |

7.3. Lattice count polynomials and moduli spaces

Norbury in [31] derives a recursion for counts of lattice points in the moduli space
of curves, which correspond to ribbon graphs without degree 1 vertices. We denote
the number of such ribbon graphs with prescribed genus, number of boundary
components, and boundary lengths, by Mg ,, (b1, ..., b,). Writing Eq. (5) of [31] in

1750012-53



N. Do, M. A. Koyama & D. V. Mathews

our notation, these lattice point counts satisfy the recursion

b1y (brs ., bn)
1
2

- ¥

t,4,m =0

i ] m mgfl,n+1(7;7j7 b27 vy bn)

n
1 _ , .
+ E 5 E zm‘ﬁg,n_l(z,bg,...,bj,...,bn)
j=2 0,7 >0
i+m=b1+b;
m even

—~—

+ > imMy1(iba, by, by)

i,m>0
i+m:b1—bj
m even
1. . .
+ > > g igm Ny 1114185 01) Ny, 171415, b )-
g1+92=g 4,5,m>0

IUJ={2,..;n} i+j+m=b
No discs or annuli 7% even
This recursion is identical to the recursion on N, ,, (Proposition 6.1), with the bars
dropped from ¢’s and j’s.
The initial conditions for the recursions on Ny, and N, are

No,3(b1,b2,b3) =1 J\Afo,?,(bl,bz,b?)) =1
1, 1 1 5

_— —_— 2 R
M (br) = B0 BLT

(Both (g,m) = (1,1) expressions are for even by; they are both zero when b; is
odd.) Norbury’s proof that each Mgy (b1, ..., b,) is a quasi-polynomial, depending
on the parity of by, ..., b,, of degree 3g — 3 + n in b?,...,b2, is analogous to our
]\Afg,n(bl, ..., bp); indeed, we adapted his proof above. Thus, 9t and N agree in initial
cases in highest-degree terms. As their recursions are also similar, it is now not too
surprising that they should have the same highest degree terms.

Nya(by) =

Proposition 7.7. Let (g,n) # (0,1) or (0,2) and fix the parity of by,..., by.
Then the corresponding polynomials in the quasi-polynomials Mg (b1, ..., b,) and
Ngn(b1,...,b,) have identical terms of highest total degree.

Proof. We compare the proofs of quasi-polynomiality of J/\fg,n and Ny ;.

Having fixed the parity of each by, ...,b,, the expression for blf\fg,n(bl, cooybp)
in the recursion can be written as a sum of terms, each consisting of a positive
constant, multiplied by a product of powers of b;’s, multiplied by some A, (b1 £b;)
or BY,(b1) or B, ,(b1). Bach A, term occurs in a pair where we can factor out

1750012-54



Counting curves on surfaces

Ay(by +b;) + Ag (b1 — bj); these terms are then collected together, and we obtain
the desired polynomial.

Exactly the same applies to b1y ., replacing A, and B, with S, and Rgp.
From Lemma 7.4, Aq(k) and S, (k) agree in their leading terms; and similarly
Bg’b(k)7 B;b(k) and Rg’b(k)7 R}Lb(k)7 respectively agree in their leading terms. So
if all N and M of lower complexity have identical terms of highest degree, then
their highest degree terms also agree at a given complexity, and by induction on
complexity, we obtain the desired result. O

In [31, Theorem 3], Norbury shows that
1

Ngn(bi,...,0n) = §Vg,n(b1, ..., byn) + lower order terms,

where V. (b1,...,by) is the volume polynomial of Kontsevich [25]. So Ny ., MNyn
and %ng all agree in highest degree terms.

In fact, the Kontsevich volumes also agree with the highest order terms in
the Weil-Petersson volume polynomials of Mirzakhani up to a simple normaliza-
tion [27]. Note V4 ,, is a polynomial, not quasi-polynomial. It immediately follows
that the polynomials defining each quasi-polynomial ]ng(bl, ..., by) all agree in
highest degree. Moreover, the coefficients of V, ,, are, up to a combinatorial factor,
the intersection numbers on the moduli space of curves. In N ,,, the coeflicient of
p2h .. b2dn for S d; = 3g — 3+ n, is given by

1
259—6+2ng,1...q,! <

d dn AA
11 "'¢nn’M9»n>'

We have thus proved Theorem 1.9.

7.4. Polynomiality for general curve counts

We now use the polynomiality of ﬁg,n to prove polynomiality for G . It is now
no more difficult than our computation of Gy 3 in Sec. 5.3; in fact, we developed all
we need there.

Recall (Theorem 1.8) that G (b1, ..., b,) can be written in terms of J/\fg,n:

Gon(by,. . bn) = >

0<a;<b;

a;=b; (mod 2)
bl bn —~

X b1 —ay b, — an ay---Qp Ng,n(al,...,an).
2 2

Recall from Definition 5.5 that, for integers o > 0,

Pw=3 ()@ e qw=3 (2 )errne e

n — n—1
1=0 1=0
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We also defined p,(n) and ¢, (n) “without the bars”. We showed (Proposition 5.7)
that Py (n) = (*")Pa(n), Qa(n) = (**)Qa(n), where P, Q, are integer polynomi-
als of degree a 4 1; and similarly for p,(n) and g, (n).

In evaluating the summations in (14), we can write the even polynomial
J/\fg,n(bl, ...,by) as a sum of even monomials, and factorize each term into sums
of the form

0<a<b 2
a=b (mod 2)

When b is even, b = 2n, we only sum over even a, so with a = 2 and the sum is
P,(n). When bis odd, b = 2n+ 1, we sum over odd a = 2]+ 1 and the sum is Q4 (n).
When all a; are set to zero however, Ny ,(0) = 1, to which the quasi-polynomial

for N, does not apply; separating out this term, we have a p,(n) rather than a
Pa(n).

Proof of Theorem 1.3. We may evaluate Gy, n(bl, ..., by) by simply replacing
sums of the above type with functions Py, Do and Qa More pre(nsely, each mono-
mial in a - Ng,n(al7 ..., ay) is of the form a; - anafal - 20‘“ , and we replace
each factor dia?o‘i with Pa(mi) =P, (b;/2) or pa(m;), when bz = 2mz is even, and
with Qa(mi) = Qa(bigl
a factor of degree 2a;; + 1 with an expression (QJZ) multiplied by a polynomial of
degree a; + 1 in b;.

After performing this substitution over all a;, each monomial becomes an expres-
sion of the form (1) .- (') multiplied by a product of P, (m) and Qo (m), which
is a polynomial in by, ..., b,. Since each monomial has 3 2a; = 6g — 6+ 2n, we end
up with a polynomial of degree > (a; + 1) = 3g — 3 + 2n.

Furthermore, it follows from the proof of Theorem 1.7 in Sec. 7.2 that each poly-
nomial that appears in the quasi-polynomial J\Afg,n(bl, ..., by) had positive highest-
degree coefficients. After making the substitutions described above, we still have
positive leading coefficients. When we collect terms, the result then is of the form

) when b; = 2m; +1 is odd. Each such substitution replaces

(272111) .. (27"?) P, n(b1,...,b,), where Py, has positive highest-order coefficients
and degree 3g — 3 + 2n. O

We illustrate the technique with an example, computing G 1(b); clearly, we
need only consider b even, b = 2m. We computed in Sec. 7.2, Eq. (11) of
Proposition 1.5,

Nia(b) = 4—8b2 + 55 for b# 0 even, Npa(0) =1.
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Hence
Giib)= > aNua)
0<a<b

a=b (mod 2)

— (" VFa0+ T A PTE:

~\oy2) ! b—a %\ 48" T 12
0<a<b 5
a=b (mod 2)

— (P —I—i (m )—l—iN(m)— 2m imz-i-im—i-l
- gt T Pt =y )\ 12 12 '
This gives Eq. (6) in Proposition 1.2.

8. Differentials and Generating Functions
8.1. Definitions

We now string the curve counts Ny, and Gy, out into generating functions and
differentials.

Definition 8.1 (Generating functions and differentials). For any ¢ > 0 and
n>1, let

intaeoam) = 3 Ganlus o)y gt

H1seeospbn 20
fIYn(zl,...,zn): Z Ngn(vi,...,vn)zyt™ L. zZ"_l
V1.0, >0
wgc,n(xlw")xn) = fgcfn(xla-”:xn) dz1 ® - ®@d,
wé\fn(zl, N féYn(zl, vy 2Zn) d21 Q- @ dzy,.
Here, z1,...,x, are coordinates on CP', as are z1,...,2,. For now, we treat

these as formal Laurent series. In Sec. 8.3, we show that they are all meromorphic
functions and forms.
The differential forms can be regarded as sections of the product bundle

(T*CP"®" = 73 (T*CP") @ 73 (T*CPY) @ - - - @ (7 T*CP").

This is a vector bundle over (CP')”, where 7; : (CP')" — CP' is projection onto
the i’th coordinate. For convenience, we write dz; - - - dz, rather than dz; ®- - -®dz,.
The wy ,, are multidifferentials.

We will often regard the coordinateb z and x as related by the equation z = 2+ L
indeed, as we will see in Sec. 8.4, w ,» and w », are essentially equal, with this change
of coordinates.
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8.2. Small cases

G N

. . G N . .
We can compute the generating functions f7,,, f;", and differential forms wy’,,, wy',

directly in the cases (g,n) = (0,1) or (0,2).

zi—/x2—4
Letxizzﬁ—% andzizf‘.
k2

Lemma 8.2.
wé\fl(zl) = zl_ldzl

2
— 24
wgl(xl) = % dry = z1 doq = (21 — zl_l) dz1

1 n 1
Z129 (1 — 2122

wia(z1,22) = ( )2) dz1dzo

14 2t2525 + chc(zil + 2120 + 2325 + 2123)
3 4.3 4
wév3(zl,22723) _ + Zsym(zlz2 +ZIZ2Z3+212223)
| a1zl — 2P~ P~ )

The chc refers to a sum over cyclic permutations of z1, 29, 23 (i.e. (1,2,3) —
(2,3,1),(3,1,2), 3 terms), and >, to a sum over all permutations (6 terms).

le dZQng.

Proof. For (g,n) = (0,1), we have Ny1(0) = 1 and all other Ny;(v) = 0, so
fh(z1) = 2 and wp'y is as claimed. We also have Go1(2m) = mL_H(Q;”) and
Go.1(p) = 0 for odd p, so f(fl(xl) is a generating function for the Catalan numbers:

fh (@) = > Goa(@m)z*m
m=0

= Z1-

=1 2m\ gy w1 — A1 —4
g - €T = - Yy - @
m:Om—f—l m )t 2

Since dx; = (1 — 2z; ?)dz;, then w§l) is as claimed.

Turning to (g,n) = (0,2), recall No2(v1,v2) = duy 1,71 (Lemma 3.15). Noting

that > oo jvzV~! = ﬁ, we compute

o0 o0
_ _ 1 _ 1 1
féYQ(zl,zg) = Zl/ (z122)" =27 25 + Zy(zlzg)” Voot t 4 —-
v=0 v=0 (1 - Z]-ZQ)

Thus, wy'y is as desired.
Turning to (g,n) = (0,3), from Sec. 5.2, we have N073(b1,b2,b3) = 616263 if
b1 + bs + b3 is even, and 0 otherwise. Thus

N
foz(21, 22, 23)
= Y wmmmap et

v1,v2,v320
v1+rvo+rv3 even
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S DRI VRIS SR>

v1,v2,3 even vy even Vo even V3 even
vo,vg odd  wvs,v; odd  vi,ve odd

—_—— — l/l—l 1/2—1 V3—1
1 V2 V3 2 29 Z3 .

X

If we define

p(z) = T2 o(z) = Z 72!
v>0
odd

then we have
fo's(21, 22, 23) = p(21)p(22)p(23) + p(21)0(22) 0 (23)
+ p(22)0(23)0(21) + p(23)o(21)0(22).

We can compute p(z),0(z) directly (say by differentiating the geometric series

ﬁ = ZmZO 22m):

2z 14 22
_ -1 _
p(z) = <z + i 22)2) and o(z) = I
Writing out f¢'s in terms of 21, 2o, 23, we obtain the claimed expression. O

Observe that all the functions and forms computed above are meromorphic; we
next show this is true in general.

8.3. Meromorphicity

Proposition 8.3. For all g > 0 and n > 1, [N (z1,...,2,) is a meromorphic
function and wé\fn(zl, ...y 2n) 08 a meromorphic differential form.

Proof. In Sec. 8.2 above, we computed w(';(z1) and w(y(z1, 22), seeing directly
that they are meromorphic. And w;\fn = é’\fndzl -+ -dz,. So, it suffices to show
fgl\fn(zl, ..., 2p) is a meromorphic function, for (g,n) # (0,1), (0,2).

By Theorem 1.7, for (g,n) # (0,1),(0,2), each Ny, (v1,...,vp) is i1Ds--- Dy,

times a quasi-polynomial function of v1,...,v,, depending on the parity of each
v;. Letting v; = ¢ (mod 2), where ¢; € {0,1}, we split gI\fn into 2" sums of
the form
J— [ v1—1 vnp—1
Z Z UL TUp P(yg, ..o )2 cee T
v120 vn >0
vi=e; (mod 2) Vn =€, (mod 2)
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where P(v1, ..., v,) is a polynomial. Splitting each such polynomial into monomials,
we can write fgn as a finite sum of terms of the form of a constant times

j: 2: — — —1 _
P Vl...ynyfl...yznz¥l ...ZZ" 1

v1>0 Vn >0
v1=e; (mod 2) Vn =€, (mod 2)

n

— . 1
= H E ZB Ve ,
=1 v; >0
v;=e¢; (mod 2)

where aq, ..., a, are non-negative integers. Thus, it suffices to show that for a > 0
and € € {0,1},
Z Tv 2 = 0,027 + Z patizr=l
v>0 v>0
v=e (mod 2) v=e (mod 2)

is meromorphic. Now we have

d )a
> e (A y e
v>0 < dz v>0

v=e (mod 2) v=e (mod 2)

so it suffices to show that }Z,__ 04 2) 2" is meromorphic. Accordingly as e = 0 or
1, we have

1 z
OIS SR B S
1— 227 1— 227

v>0 m>0 v>0 m>0
v even v odd
both of which are clearly meromorphic. O

In fact, since z% introduces no new poles, we note that for all (g,n) # (0,2),
w;\fn has poles only at z; = —1,0, 1.

8.4. Change of coordinates between non-boundary-parallel
and general curve counts

Recall wé\fn is a generating function for the Ny ,,, while ngm is a generating function
for the G4 . It turns out that after the change of variable x; = z; + Zi (so that
dr; = (1 — z; ?)dz;), these two formal differential forms are equal.

So define ¢ : CP* — CP' by ¢(z) = 2 + % = x, and consider pulling back
wgcm(xl, ..., xy) under ¢. We may therefore express Theorem 1.14 more precisely
by saying that for any (g,n) # (0, 1),

*, G N
QS wg7n(x17"‘7xn):wg7n(z]_,...72:n).
Thus, if we regard = and z as alternative coordinates on CP' and ¢ as a change

of coordinate, then w¢

o and wé\fn give the same differential form, which we simply
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denote wy ,,. We can also express this theorem as
oo oo
=2 Non()z""'dz = 3 Gon(p)a™" ™ de = wi, (2).

Our explicit computations of wg ; and w(’; show that the theorem fails for (g,n) =
(0,1).
The proof is by a residue argument, following ideas of Do—Norbury in [10].

Proof of Theorem 1.14. Let u = (p1,...,un) and v = (v1,...,vy). From Theo-
rem 1.8, we have

i

Ggn(p) = Z N ,n(V)H Wi — V;

V1 >0 =1 2

Now we note that, for any integers u, v (even if negative, even if v > ),

I >

. =R v—p—1 de

i | =R Y (1) a:
m=

2

= Res 2" "1+ 2%)" dz = Res 2"~ dz ot

z=0 2=0

Substituting this residue expression for (,/fy) and recalling that w ,, 1S meromor-
2

phic, we obtain

N i
Gon(p) = Res wo (21,..., 2n Hac
g (1) (21,00121)=(0,...,0) gn(21-- 0 2n) L1+
=1
Now suppose, we rewrite wé\fn(zh ..y 2p) in terms of x1, ..., z,; as wé\,’n is mero-
morphic this form is determined by its Laurent series. Let ag n(A1,...,A,) be the

coefficient of xl_)‘l_l . ~x,j/\“’1 dxy -+ - dx,, SO

N “A -1 A1
w = E agn(Ay. An)zy M, dxy - dz,.

g.n
Ao An
The residue at (z1,...,2,) = (0,...,0) corresponds to the residue at (x1,...,x,) =
(00,...,00); if we substitute y; = x;l, this corresponds to the residue at
(y1,---,yn) = (0,...,0). Since dx; = —y;Q dy; and ac;)‘hldxi = —yi)‘i*l dyi,
we have
Gonl#) = Res

(w1,~~~7$n):(00,...,oo)

X Z agn(Ay-. oy A )xf)‘I* L dp, - -dx, me

ALy An
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= (-1)*" Res
(y17~~~>yn):(0,...,0)

A—1— 11—
XY aga (M Ayt T Ty T dyy - dy,
Alrny)\n

= a’g,n(:ulv .- ‘7:u7l)'

Hence Gy ,(p) = agn(p), and w?,

g,n
generating function for the Gy, (1), as desired. |

expressed in terms of the x;, is actually a

We illustrate the use of this theorem by calculating focfz(acl, x2), the generating
function for all G 2(p1, pt2), given by the complicated formulae in Egs. (2) and (3).

Lemma 8.4.

1 202 —3 202 — 4
f()CfQ(xth) = 5 > ( 1 2.’151.’152 +2 Ty )
(21— 22) (21 —4)(23 —4)
mif\/a:zf . .
Proof. Substitute z; = %4 into the expression wp2 = (lez2
m)dzldzg from Lemma 8.2. O

8.5. Free energies

Each wg (21, ..., 2y) is a meromorphic section of the vector bundle (T*CP")®" over
(CP")™. A form of this type may be obtained by taking a function F : (CP')" — CP!
and the exterior differential d,, in each coordinate z;. Then d,,d,, ---d, F is a
section of (T*CP')®",

Definition 8.5. A function F,,, : (CP")" — CP' such that

dz1 t dang,n(Zla cees Zn) = wg,n(zla cees Zn)
is called a free energy.

. . z z .
Given wy ,,, there are many free energies: Fy, = [~ [~" wy ,; each integral
introduces a constant of integration. We have

0" Fyn

B 0"Fyn
T Oxq Ox9 -+ Oxp

- 0z1 Ozg -+ Ozn

fgcfn(xla“':xn) and fgj\fn(zl,...,zn)

In the case (g,n) = (0, 1), we can integrate wg':l and w;; in this case, we can obtain
two distinct free energy functions F(fl (z1) and F§Y) (21).

Proof of Proposition 1.15. It is straightforward (if a little tedious in the (0, 3)
case) to check that differentiating the claimed free energy functions yields the forms
wOG,l,wé\fh wo,2, wo,3 calculated in Lemma 8.2. O

1750012-62



Counting curves on surfaces

8.6. Recursion and generating functions

We now make a first attempt to turn the recursion on Gy, into a recursion on
generating functions ng,n' Throughout this section, we write fg,, rather than QGW
for convenience. (No gn’s arise, so there is no possible ambiguity.)

The recursion on Gy, (Theorem 1.4), as noted in Sec. 1.2, is identical to the
recursion obeyed by the “generalized Catalan numbers”, but has different initial
conditions. Since generating functions for the “generalized Catalan numbers” obey
a recursive differential equation [29], we might expect the f, , to obey a similar dif-
ferential equation. However the different initial conditions lead to some difficulties.
The recursion on Gy, fails when by = 0; the generalized Catalan numbers avoid
this issue, as by = 0 implies that the corresponding generalized Catalan number is
Zero.

In our first attempt now, we postpone the issue and only consider b; > 0, and
prove the following.

Lemma 8.6. For any g > 0 and n > 1, we have
Z van(b17~~~7bn)$;b171 ...x;bnfl

by >1
b2,~~~7bn20

= l’l_lfg—lm_‘_l(l’l,l’l,ﬂig, s ,an)

T — 1

e 01 -
+='17]_ 128—3% (fg’n,]_(.%'gw..,fl;n) - fg,n71($17x27"‘7$k7"'7‘,1:77/))
k=2

—1
+ay S faini@nen) fonsi(@L o).

g1+g92=9
11|_|12:{27...,’n,}

Proof. Take the recursion on Gy, (Theorem 1.4), multiply by xl_bl_l R L

and sum over all by > 1 and bs, ..., b, > 0. We obtain, on the right-hand side, the
three terms

o —b1—1 —bp—1
I = E E Gg-1nt1(i,7,02, ..., bp) 7 -z,
bi>1 i,j>0
ba,...,bp, >0 i+j=by—2

IT= > > 0kGanor(by+be —2,ba, g by) a7 e

b1>1 k=2
ba,....bn>0
111 = E E
b1>1 g1+92=g

b2,....bn >0 I1UIp={2,...,n}

. . —b;—1 —b,—1
X 2 : G917|11|+1(Z’bIl)GQz,UzHl(J’bI?) Ty Ty :
1,520
i+j=by 2

1750012-63



N. Do, M. A. Koyama & D. V. Mathews

Each of I, 11,111 can be written in terms of the generating functions f,,,. We show
that these correspond to the three terms in the claimed equation.

Considering I, we note that i+j = by —2 implies #; "~ = xfi_lejflel; and
we note that a sum over by > 1, followed by a sum over 7,5 > 0 with i 4+ j = by — 2,

is simply a sum over ¢,j > 0. Thus

-1 - —i—1_—j—1_—by—1 —b,—1
I =ux E E Gotmy1(i, Jybo, oo by) ay " Ty Ty 20
b2, ,bn >0 4,520

-1
! fgcil,nJrl(xl»xl,efm...,xn),

To simplify 1, let m = by + by — 2, and replace the sum over b; and by with a
sum over m, followed by a sum over by > 1, by > 0 satisfying by + by — 2 = m.

. -~ bam1  —bp_l
—by— “bp— b1
II = E E Ggn—1(m,ba, ... bpy ... by)xy > v, Py

E=2py . br,eebn >0
m>0

X E br xl_bl_lx;b’“_l

b1>1, by >0
b1+br—2=m

Now we note the sum over b; and by, is

—m—1 —m—1
b1 b1 _ 1 0 (7 — Ty

bi, @1 x, =—a — | ————
Oxy, T — T1

b1>1, by >0
b1+br—2=m
-1 —1
S — (m+ 1)a,™ % + S (7™ =™
T — 21 (g — 21)?

Hence, we obtain an expression for 1, which is a sum over k£ and the parameters
bo,...,bk,..., by, m appearing in the G ;:

n -
0 —by—1 “b—1 —bp—1
Il = E E Ggn—1(m,ba, ... bg, . by)xy e, Py
k:2b2,~~~,3k,~~~7b1z,m20

—1 —1
|: Ty (m_|_ 1)x’;m—2 4 Ty (xl—m—l _ x’:m—l)

T — 21 (g — x1)?
n —1 —
Z Z —I T —by—1 —br—1
= ﬁG%n_l(m,bQ,...,bk,...,bn)J?Q 2 Ty k
- k— 21
k=2, . bk sesbn,m>0
—1
—b,—1 —m—2 Ty T —by—1
Sz, (m—|—1)1‘km + 2Gg,n_1(m,b2,...,bk,...,bn)xQ 2
(zr — 1)
—_—
.x’;bkfl . .x;bn—l(x;mfl _ x’;mfl)
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n —1
T 0
=) ————fon(z2,...,20)
= Tk — 1 oxy,

m(fg,n_l(l’l,lﬁ, e 75:\]67 - ,xn) — fg7n_1($2, e ,Jjn))

e 01 -
= xllz— (fgn—1(22, . 2n) = fgn—1(x1,22,. .., Ty ..., Zn))-

Finally, we turn to I11. As with I, a sum over b; > 1 and then over i,j > 0
with ¢ + j = by — 2 is equivalent to a sum over ¢,j > 0, so we obtain

-1 . —i—1 b —1
I11 = a7 > > Gy jng+1 (i b))y Ty
g1+tg92=g  i,br>0
11U12:{2,...7’I’L}

Z . -1 -
X ng,‘]gH»l(]?bIQ)xl xlz
J:bs20

bry—1

= a;! > o n1(@,2n) fo, 0 11(21,21,).

g1+92=g
IlLJIQZ{Q,...,TL}

This gives the desired result. O

From the above lemma, we can obtain a differential equation for fg , by arrang-
ing all the terms with b1 = 0 to be constant terms, and differentiating them away.

Proposition 8.7. For any g >0 andn > 1,

0
8—331(*7:1]09771(1‘17 s vxn))

0

= —fo—1nt1(x1, 21,22, .., 20)

8x1

) - 0 1 .
+8—$1kz:28—$k (fgm_l(xg,...,xn)—fg,n_l(acl,acg,...,xk,...,xn))

Tk — 21

0
+8—{L‘1 Z fg1,|11\+1(x17xh)fgz,|[2|+l(x1’x12)'

g1+g92=g
11L112:{2,...,n}

O

Proof. Consider the equation in Lemma 8.6 above. Multiplying the left-hand side
by 1 and then differentiating with respect to 1, we obtain 3%1 (@1 fgn(Ti, ... xn)),
since terms with b; = 0 are annihilated by the differentiation. Doing the same to
the right-hand side yields the result. |

We return to the search for a differential equation in Sec. 10.6. An alterna-
tive method to obtain a differential equation is to find a simple way to compute
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Ggn(0,b2,...,b,). There is a straightforward way to do this, if we keep track of
the number of complementary regions in the arc diagram. This is the subject of the
next section.

9. Keeping Track of Regions
9.1. Refining curve counts

As it turns out, many of the results already proved about Gy, and Ny, can be
refined by keeping track of the number r of complementary regions (Definition 1.10)
in arc diagrams. It will turn out to be very useful to use a related parameter t. We
begin by making the following definitions.

Definition 9.1.

(i) The set of equivalence classes of arc diagrams on (S, F'(b)) with r comple-
mentary regions is denoted Gy, -(b). The number of such equivalence classes
is denoted Gy »(b).

(ii) The subset of G, »(b) without boundary-parallel arcs is denoted Ny, »(b).
The number of such equivalence classes is denoted N, -(b). We also define

Ngnr(bi,....bp)

N (b ) = =2l

(iii) For g > 0 and n,r > 1 and by,...,b, > 0, define

n

1 1
t—r—(2—2g—n)—§;bi—r—X—igbi.
(iv) For g > 0, n > 1, and by,...,b, > 0, define G}, (b) = Gy nr(b), N ,(b) =
Ny nr(b) and
Gyn(b) = Ggnr(b), Ny, (b)=Ngn,(b), Ny,(b)=Nyn,(b)
Clearly Ggn(b) = Ur>0Gg.n.r(b) = LGy, (b) and Ggn(b) = 37,5 Ggnr(b),
so we have Ggn(b) = 35,5 Ggnr(b) = 35, Gy (b), Ngn(b) =32, 5o Nynr(b) =
> Ngt’n(b) and Ny ,(b) = Zrzo Ngnr(b) = >, Ng,n(b). We will discuss how
many non-zero terms are in these sums, i.e. bounds on r and ¢, in Sec. 9.5.
We can easily compute the refined counts Gy, » and Ny ,, ,» explicitly for (g,n) =

(0,1),(0,2).
Lemma 9.2.

(i) For any integer m > 0,

1

2m
G071,m+1(2m) = G871(2m) = m——|—1 ( m ) .
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(ii) For integers my,mg > 0,

mimso 2m1 2m2
GO 2 ,2 =G mi+m 2 72 =
0,2(2m1,2ma) = Go2,m;+m, (2m1, 2m2) e <m1 ) (mz)

Go2(2m1 +1,2ma + 1) = Go.2,m,+m, (2m1 + 1,2mp + 1)

_ (2mq + 1)(2ma + 1) <2m1> <2m2>

my+mo+1 mq mo

2m 2m
G6’2(2m1,2m2) = Go,2,m1+ma+1(2m1,2ms) = ( 1) ( 2).
mq mo

All other Go1,r(b1), G6,1(bl)a Go,2.7(b1,b2) and wa(bl, ba) are zero.

Proof. An a disc (So,1, F(2m)), an arc diagram has m arcs, which divide the disc
into m + 1 complementary regions. Thus Go.1,-(2m) = Go,1(2m) if r =m + 1, and
is zero otherwise. This value of r corresponds to ¢ = 0.

Now consider annuli (Sy 2, F'(b1,b2)). For an arc diagram to exist, we need b +
bo =0 (mod 2). From Lemma 3.4, a traversing arc diagram has r = 3(by +bs), and
an insular diagram has r = 3(b; + bs) + 1; these correspond to ¢ = 0 and ¢ = 1,
respectively. Propositions 3.2 and 3.3 then give the result. O

Lemma 9.3.

(i) No,1,1(0) = Ng1(0) =1, and all other Ny ,(b1) and N§,(b1) are zero.

(ii) No2,1(0,0) =1, No2u(b,b) =b for b >0, and all other No 2. (b1,bs) are zero.
Equivalently, N§4(0,0) =1, N§o(b,b) = b for b > 0, and all other N§ (b1, bs)
are zero. ]

Proof. As discussed in Sec. 3.4, the only arc diagram without boundary-parallel
arcs on a disc is the empty diagram, for which » =1 and ¢ = 0. On an annulus, such
a diagram must consist entirely of parallel traversing arcs, so by = by = b; there are
b such diagrams, which have b complementary regions, so r = b and t = b—b = & o.

O

9.2. Counting arc diagrams with punctures

When by = 0, the first boundary component of S, , has no points marked on
it; we may regard the boundary component as a puncture in Sy ,—1. Filling in
the puncture gives arc diagrams on S, ,—1; we already saw this idea in Proposi-
tion 3.7. We now show precisely how keeping track of regions allows us to compute
Ggnr(0,b2,...,0,).

Proposition 9.4. For any g >0, n>2 and ba,...,b, >0,

Ggm,T(O, bQ, ey bn) =T Gg,n_l,r(bQ’ ey bn)

1750012-67



N. Do, M. A. Koyama & D. V. Mathews

In the case of enumerating lattice points in moduli spaces of curves [32], the
evaluation by = 0 is related to the dilaton equation that appears in the general
theory of the topological recursion [18]. Thus, the equation above can be regarded
as a kind of dilaton equation for curve counts.

Proof. Filling in the first boundary component with a disc gives a well-defined
map

gg,n,r(oa b2, ey bn) i gg,n—l,r(an ey bn)

Conversely, removing a disc from any complementary region of an arc diagram in
Ggn—1,r(b2,...,by) gives an arc diagram in Gy ,, »(0,b2,...,by,). Two arc diagrams
obtained on (Sg ., F(0,bs,...,b,)) by removing discs from a given arc diagram on
(Sgn—1, F(ba,...,by)) are equivalent if and only if the discs were removed from the
same complementary region. Thus, the map above is surjective and r-to-1, giving
the claimed equality. O

9.3. Refining local decomposition

In the local decomposition of an arc diagram C on (Sq r, F'(b1,...,by)), we obtain a
B;-local arc diagram C; on an annulus neighborhood of each boundary component
B, lying in L(b;,a;), and a diagram C” without boundary-parallel arcs on the core
S’. So C; has a; traversing arcs and (b; — a;)/2 insular arcs.

Let C and C’ have r, 7’ complementary regions respectively, and corresponding
parameters ¢, t’. Now C can be obtained by successively removing from C' outermost
boundary-parallel arcs, at each stage cutting off a disc complementary region. There
are >, (b; — a;)/2 such boundary-parallel arcs, so

= —%zn:b—al

Since S and S’ have the same Euler characteristic y, we have

1 — 1
! _ = B _ = B
t=r—x 2Zaz—r X 2sz—t.
=1 =1
In other words, C' and C’ have the same t-parameter. There is thus a map

L(bi,a1) X -+ X L(bp,an) X N} (a1, ... an) = G (b1, ..., by)

which glues local decompositions into a general arc diagram. Taking the quotient
by the action of Zg, X --- x Zg, by rotations, and a union over a; as in Sec. 4.2, we
obtain a bijection

L(b,
A:G (b b) — | (b1, 01) x

0<a;<b;
a;=b; (mod 2)

X L(bp,an) x N¢ (a1, ..., an)
Loy % - X Za,

and hence, using Lemma 4.6, we have the folowing refinement of Theorem 1.8.
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Proposition 9.5. For (g,n) # (0,1) and integers by, ..., b, and t, we have

b1 b,
Gg,n(bla"wbn): Z bl_al bn_an N;,n(ala'~'aan)'
o€z 2 2

O

Because of this proposition, for many purposes, it is more convenient to use the
parameter ¢ rather than 7.

9.4. Refined curve counts on pants

We now compute refined curve counts on pants, so let (S, F') = (So,3, F'(b1, ba, b3)).
Recall the notation of Sec. 5.1: let p; be the number of prodigal arcs with endpoints
on B;, and t;; the number of traversing arcs with endpoints on B; and B;.

Consider an arc diagram on (S, F') without boundary-parallel arcs. In Sec. 5.2,
we showed that b1, bg, b3 determine the p; and ¢;; uniquely, so that there is a unique
arc diagram in Ny 3(b1, b2, b3), up to rotations around boundary components. The
next lemma shows that by, ba, b3 also determine r and t.

Lemma 9.6. Let by,ba, b3 > 0 be integers such that by + by + bs = 0 (mod 2).

Then for any arc diagram C without boundary-parallel curves on (S, F), r and t
are given by

r=1, t=2 ifallb;=0
1 . .

r= §(b1 +ba+0b3)+1, t=2 iftwob; are zero and one is non-zero
1 . .

r= §(b1 + ba + b3), t=1 if oneb; is zero and two are non-zero
1 .

r= §(b1 +by+0b3)—1, t=0 ifallb; are non-zero

Proof. We repeatedly apply Lemma 5.4, which gives the number of arcs of each
type. It suffices to compute r, since t = r +1 — %Z b;. Without loss of generality
suppose by > by > bs.

If all b; = 0, then clearly r = 1. If by = b3 = 0, then C' consists of by /2 parallel
prodigal arcs, which cut S into %1 +1= %(bl + ba + b3) + 1 regions.

If b3 = 0 and by, b2 # 0, then we have p; = %(bl —b2) and t12 = be. Cutting along
the first traversing arc leaves a connected surface; cutting along every subsequent
arc increases the number of components by 1, so r = $(b1 + bz + bs).

If all b, are non-zero, then at least two of t15,%23,t31 are non-zero. Cutting
along traversing arcs of two different types cuts S into a disc; each subsequent arc
increases the number of components by 1. So 7 is one less than the number of arcs
in C. O
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Proposition 9.7. For integers by, ba, bg > 0,
J/\7873(b1, ba,b3) =1 provided by + ba + b3 = 0 (mod 2),

Ng5(b1,b2,0) =1 provided by + bz = 0 (mod 2),

Ng,g(bl, 0,0) =1 provided by =0 (mod 2),
NZ5(0,0,0) = 1.

All other ]\7873(191, ba, b3) are zero.

Proof. By Lemma 9.6, b1,b2,bs determine ¢, and for this value of ¢, we have
./\/gtm(bl, ba, bs) = Ny n(b1, b2, b3). The result now follows from (9) in Proposition 1.5.
O

Letting k denote the number of b; equal to zero, we can tabulate the ]Vé,z)) as
follows.

P~to0 1 2
0 |1
1 1
2 1
3 1

Proposition 9.8. For integers my, mo, mg > 0,

G8,3(2m17 2m27 2m3) = (

G(l),3(2m17 2m27 2m3) = (

G 5(2my +1,2my + 1,2m3) = (2"“)

Go3(2my +1,2ms + 1,2ms) = (

P
G2 5 (2m1, 2ms, 2m3) = ( ml)

For any other t and by, ba, bs not covered by these cases, G6,3(b17 ba, b3) = 0.

Proof. Proposition 9.5 expresses Gf 3(b1,bo,b3) as a linear combination of ]Vé,z));
by Proposition 9.7, then G{ 3(b1, ba, b3) is zero unless t € {0,1,2}. We consider each
value of ¢ separately.
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If t = 0, we have ]\Af&?)(al,ag,ag) = 1 when each a; > 0 and > a; =0 (mod 2),
and 0 otherwise, so

b1 b bs
G8,3(b17 ba, b3) = Z by —ax ba — as bs — a3 |ai1aza3
a;>0 2 2 2
3 bi
= H Z bi —a; |a;
i=1a;>0 2

Write b; = 2m; if b; is even and b; = 2m,; + 1 if b; is odd. If all b; are even, then
all the a; must also be even and the above expression is po(m1)po(me)po(ms). If
two b; are odd and one is even, say by, ba, and b3 are even, then the expression is
Go(m1)go(ma2)po(ms). In Sec. 5.3, we found po(m) = (QTT)m and go(m) = (2;1") (2m+
1), giving G 3 as claimed.

Now suppose ¢ = 1. For ]V&,z))(ah az,as) to be non-zero, we require exactly one
of the a; to be zero.

b b
G6’3(b1,b2,b3): Z * Z * Z bl_lal b2—2a2

a1:0 a2:0 a3:0
az,a3>0 az,a1>0 ay,a2>0 2 2
bs
x| bs —as |aiazas.
2

If all b; = 2m; are even, we obtain G 5(2m1,2ma,2mg) = (™) po(ma)po(ms) +
(2722)ﬁ0(m3)ﬁ0(m1)+ (2m3)p0(m1)p0(m2) and if by, by are odd and b3 even, we have
Gé,3(2m1 +1,2ms + 1,2mg3) = (2m3)q0(m1)q0(m2) SO Gé,g is as claimed.

Finally, let t = 2. Now for No,g(al, as, as) to be non-zero, at least two of the a;

to be zero; hence for G(2)73(b1, ba,b3) to be non-zero all b; must be even. We then
have

Giabrbabs)=| >+ Y + Y + X

a1:a2:O ag:ag:O a3:a1:O a1:a2:a3:O
az>0 a1>0 as>0
b1 bo b3
X | by —aq by — as bs —ag |aiazas
2 2 2
which is equal to (2;1"11)(2m2)p0(m3) + (2;1"22) (sz)po(ml) + (i’fj)(zml)po(mﬁ +

(272111) (QHT;) (2m3) giving the claimed expression for G O

9.5. Inequalities on regions

Clearly, if g,n and by, ..., b, are fixed, the number of regions r is bounded. We now
establish some precise bounds.
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Lemma 9.9. Suppose an arc diagram on (Sg., F(b1,...,b,)) has r complemen-
tary regions, and k of the numbers by, ..., b, are zero. Then the following statements
hold.

() r<i+ 1y, b

.. 1 n
(i) IfO<k<n—1,thenr>x(S)+k+35> ., b
(iii) If k =n, then r = 1.

These inequalities are necessary, but not sufficient, conditions for the existence
of an arc diagram. For instance G 2.2(1, 1) = 0, despite satisfying all the inequalities
above.

Proof. The diagram has % > b; arcs, and cutting along each arc of C' can increase
the number of components by at most 1, establishing (i). If k& = n, then there are
no arcs, so r = 1, establishing (iii).

To see (ii), fill the k& boundary components of S with b; = 0 by gluing discs; this
increases x by k. Then cut along the curves of C; each of these % > b; cuts increases
x by 1. The resulting surface has r components, all with non-empty boundary, hence
has Euler characteristic at most r. Thus x(S) + &+ 3> b; <. m|

We give a further bound when there are no boundary-parallel curves.

Lemma 9.10. Suppose (g,n) # (0,1),(0,2). Let C' be an arc diagram on
(Sg,n, F(b1,...,by)) with no boundary-parallel arcs, r complementary regions, and
with k of the numbers by, ..., b, zero, where 0 < k <n —1. Then

1 n
r§g+kz—1—|—§Zbi.
i=1
Note that g+ k > 2 is equivalent to g+ k—1+ 33" b > 1+ 33" b;. So if
g+ k > 2, then Lemma 9.9 immediately implies this result; this upper bound thus
only gives new information when g + k < 1.

Proof. As discussed, we can assume g + &k < 1.

First, suppose g =0 and 0 < k < 1. We prove r < k — 1+ %sz foralln >3
by induction on n.

If n = 3, then by Lemma 9.6, r =k — 1+ %E?:l b;, so the desired inequality
holds (in fact is an equality).

Now consider general n > 4, and an arc y in the arc diagram. If v connects two
distinct boundary components, then cutting along v gives an arc diagram with the
same r, with k increased by at most 1, and % i1 bi—1 arcs, on an (n — 1)-holed
sphere, so by induction r < (k+1) — 1+ (>, b; — 1) and the result holds. If
~ has both endpoints on the same boundary component, then ~y is separating. Let
the number of arcs parallel to v (including 7) be p. Cutting along ~, and removing
these parallel arcs, yields two surfaces S’,S” with n’,n” boundary components,
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', 1" complementary regions, and numbers of marked points given by b; and b/,
of which &', k" are zero respectively. We have n’,n” > 2 (as v is not boundary
parallel), 330, + 330/ +p=323"b;, kK + k' <k+2,and ' +r" +p—1=r.If
both n/,n” > 3, then the inequality holds for both S’ and S”, and we have

1 1 1«
/ 1 ! " / 1 .
r=r4+r" +p—-—1<k +k +p—3+§g bi+§§ bi<k—1+§iglbz

as desired. So now suppose, we obtain an annulus. As n > 4, S’ and S” cannot
both be annuli. So, we may assume S’ is an annulus (i.e. n’ = 2), and S” is not
(i.e. n” > 3). Then the inequality holds for S”. If the annulus S’ has no arcs, then
actually the inequality holds for 5" too (r = g+k—143> b; = 0+2—1+0= 1), s0
we are done. If the annulus S’ has non-empty arc diagram, then we have r’ = £ 3"}
and k' = 0; and since we do not obtain any extra boundary components with zero
marked points on S/, we must have k” < k + 1. Then we obtain

n
r=r 41" +p-1< %Zbg—i—%Zb§’+p+k”—2<k—1+%zlbi
=
and the inequality holds. This completes the proof in the case g = 0.

Now suppose g = 1 and k = 0, and we prove r < %Z?:l b;. We proceed by
induction on n > 1. If n = 1, then take an arc « in the arc diagram; as - is not
boundary-parallel, it cuts S into an annulus. Suppose there are p arcs parallel to
(including 7), so cutting along v and removing these parallel arcs gives a diagram
on the annulus without boundary-parallel curves, with » —p+ 1 regions and %bl —p
arcs. If there are no arcs on the annulus, then we have one region, sor—p+1=1
and %bl —p =0, and hence r = p = %bl. If there are arcs on the annulus, then
the number of arcs and regions are equal, so r = —1 + %bl. Either way, we have
r<gbi=53000 b

Now take a general n > 2. Take an arc «y on S with p parallel copies (including 7).
If v is non-separating, then cutting along v and removing its parallel arcs gives a
surface S” of genus ¢’, with n’ boundary components, with b, marked points on
boundary components, k' of which are zero, and an arc diagram with ' =r—p+1
complementary regions and £ > b, = 13" b; — p arcs. Since we originally had all
b; > 0, after cutting along v and removing parallel copies, we can make at most
one b, =0, so k' < 1. Now S’ either has genus zero and n’ = n + 1 > 3 boundary
components, in which case the result holds by our previous arguments; or S’ has
genus 1 and n’ = n — 1 boundary components, in which case the result holds by
inductive assumption (if ¥ = 0) or previous argument (if ¥/ = 1). Either way,
r<g +k -1+ %Z:il bi and ¢’ + k' < 2, and hence

1 TLI 1 n 1 n
o / / r_ / ) - )
r=r+p—1<p+g +k —2—|—§Zbi—g +k _2+§Zbl < 22()“
=1 =1 =1
On the other hand, if v is separating, with p parallel copies, then cutting along
~ and removing parallel arcs gives two surfaces S/, S”, with genera ¢’ + g = 1;
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say ¢ = 0 and ¢” = 1. Let them have n’,n” boundary components, with b}, b/
marked points, of which &', k" are zero, and arc diagrams with 7', 7"/ complementary
regions. So we have n’ +n” = n + 1. As there are no boundary-parallel curves,
n',n” > 2 and hence n’,n” < n — 1. We also have ' +r” +p —1 = r and
IS0+ 530+ p= 33 b;. The only way to have b, = 0 or b/ = 0 is from the
boundary components involving -y, so k', k" < 1. The inductive assumption applies
to S”, and we obtain " < kK’ + %Zb;’ <1+ %Zb;’. If S’ is an annulus, then
as k’ < 1, the arc diagram is non-empty and r’ = £ 3" b}. If S is not an annulus,
then the inductive hypothesis (if £/ = 0) or the above argument applies (if &’ = 1),
so the inequality holds for S giving ' < k' — 14 3 b, < 13" bl. Either way,
7' < 3" bl. Putting this together yields

1 1 1o
o " 1<z / - % _ .
r=7r+r"+p _22b1+22b1+p 2;1)
This completes the proof. O

Putting together Lemmas 9.9 and 9.10 immediately gives the following result.

Proposition 9.11. Let (g,n) # (0,1),(0,2). Suppose an arc diagram on
(Sgn, F(b1,...,by)) has no boundary-parallel arcs, r complementary regions and
k boundary components without marked points. If 0 < k <n — 1, then

1 n
max(l, k+2—2g—n+§2bi> <r

<min<1+%ibi7 g+k—1+%ibi>

i=1 i=1
and

1 n

max(k, 2g+n—1—52bi> <t<min(2¢g+n—-1, k+3g—3+n).
i=1

If k=mn, thenr =1 andt=2g+n — 1. a

The above inequalities are necessary for the existence of an arc diagram with-
out boundary-parallel arcs, but not sufficient. For instance, J/\}§72(2n +1,1) =
N3oni2(2n+1,1) =0, but max(0,6 —n) = max(k,29+n—1—12>b;) <7T=t<
min(3g—3+n,2g+n—1) = 7. To see why, suppose there were such an arc diagram;
then there must be an arc connecting the two boundary components. Cutting along
this arc gives an arc diagram in Gs 1 p4+2(2n), hence with n arcs. But cutting along
n arcs can only create n + 1 regions, not the required n + 2. In the particular case
t = k, we can give necessary and sufficient conditions in the next section.

When k£ = 0, so that all boundary components have marked points, we have
0 <t <1-—x.Sotisroughly a measure of how “separating” an arc diagram is:
when ¢t = 0 it is as non-separating as possible, and as ¢ increases, it is more and
more separating.
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9.6. Existence of certain arc diagrams

We now give some results guaranteeing the existence of arc diagrams in certain
circumstances.

Lemma 9.12. Suppose (g,n) # (0,1),(0,2), and 0 <k <n—1. Let by, ..., by_j >
0 be positive integers such that by + - - -+ by is even, and suppose by 11 = -+ =
b, = 0.

(i) If 32001 bi <29+n—1—k, then N, (by,... by_t,0,...,0) = 0.
(i) If >0 bi > 2g+n—1—k, then NF _(b1,...,b, ,0,...,0) > 0.

(Here the notation N;n means that we set t = k.)

Proof. If t = k, then r = k+x+ 3> b =k+2—29—n+ 13" b.If
% S bi<2g+mn—1—k, then r < 1, so no arc diagram exists, proving (i).

It remains to prove (ii); we first prove it under the assumption k = 0. So suppose
all b; > 0, %Z?:l b; >2g+n—1=1-x, and we will construct an arc diagram
with the desired parameters.

First, suppose ¢ = 0, so n > 3. Then, as k& = 0, we may successively draw
arcs joining distinct boundary components and cut along them, in order to reduce
the number of boundary components. (Provided at each stage, we do not join
two boundary components each with one marked point, we retain at least one
point on each boundary component. And this is certainly possible since Y ., b; >
49 + 2n — 2 > 2n — 2.) We proceed until, we have a pair of pants, with a non-
zero number of points on each boundary component. Since each cut increases Euler
characteristic by 1, at this stage, we have drawn and cut along —1 — x arcs; so we
have %Z?:l b; + 1 4+ x remaining arcs to draw. From Sec. 5.2 above, there is an
arc diagram on the pants, with the required number of points on each boundary
component, without boundary-parallel curves, and from Lemma 9.6, the number of
regions into which they cut the pants is one less than the number of arcs drawn.
So, drawing these arcs and cutting, we obtain %Z?:l b; + x components. This
corresponds to an arc diagram on the original surface without boundary-parallel
arcs, and with r = % >, bi + x complementary regions, hence with ¢ = 0.

Now suppose g > 1. Use a similar method to join boundary components until,
we obtain a single boundary component, with an even number of points on it. At
this stage, we have a genus ¢ surface with a single boundary component, hence
Euler characteristic has increased from y to 1 — 2g, so we have drawn and cut
along 1 — 2¢g — x non-boundary-parallel arcs. There are % Yiibi+x+29—1=
$ > bi —n+ 1> 2g remaining arcs to draw.

Now we can draw 2¢g curves to cut the genus g surface into a disc. We draw these
curves, along with some parallel copies of them, so that there are % S bi+x+
2g — 1 arcs drawn in total, none of them boundary-parallel. Cutting along all these
curves, including the parallel copies splits the surface into % Z?:l b;+x components.
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This corresponds to a diagram on the original surface, without boundary-parallel
arcs, and with r = % >, bi + x complementary regions, so t = 0.

This proves the result in the case kK = 0. For general k, fill in the k& boundary
components with no marked points with discs, to obtain a surface of genus g with
n—k boundary components. Provided, we do not end up with a disc or annulus, the
k = 0 argument applies, and we obtain an arc diagram with % S bi+2—2g—n+k
regions, with no boundary-parallel arcs. Then removing the k discs gives an arc
diagram on the original surface, still with no boundary-parallel arcs, and with the
same number of complementary regions, hence with ¢t = k.

If this argument fails, ending up with a disc or annulus, then we must have g = 0,
n >3, and k > n — 2. In this case, we fill in n — 3 of the £ boundary components
without marked points, to obtain a pair of pants, on which k¥’ = k —n + 3 boundary
components have no marked points. Note 1 < k' < 2. Using Sec. 5.2 again, there is
an arc diagram on the pants with no boundary-parallel arcs, and with the required
number of points on each boundary component. Using Lemma 9.6, the number
of complementary regions of this arc diagram on the pants is £> b + k& — 1 =
% > b;i +2 —n+ k. Removing the n — 3 discs gives an arc diagram on the original
surface with no boundary-parallel arcs and with the same number of regions, hence
with ¢t = k. O

For general arc diagrams, we have the following easier result, which can be
proved by similar methods.

Lemma 9.13. Suppose g >0 andn>1, and 0 <k <n-—1. Let by,...,by_p >0
be positive integers such that by + -+ + b,k is even, and suppose by_j11 =+ =
b, =0, so that k of by, ..., b, are zero.

(i) If 32001 bi <29+n—1—k, then G& ,(b1,... . by_t,0,...,0) = 0.
(ii) If >0 bi > 2g+n—1—k, then G% (by,...,by_1,0,...,0) > 0.

So, fixing g,n and setting ¢ = k (and hence fixing r — %Z:‘L:l b;), provided
we have sufficiently many marked points, we can find an arc diagram with these
parameters — and, provided (g,n) # (0,1) or (0,2), one without any boundary-
parallel arcs.

9.7. Refining recursion

Now we prove the recursion on Gy, in Theorem 1.11, refining Theorem 1.4.

Proof of Theorem 1.11. The proof is essentially the same as that of Theorem 1.4.
Given an arc diagram C'in G ,, »(b), take the arc y at the first marked point on the
first boundary component. Cutting along v gives a surface S’ with an arc diagram
C’. Consider the various cases for the topology of v and S’ as in Theorem 1.4. In
each case, C' can be reconstructed by gluing together two boundary arcs on S’ in a
specified way.
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Cutting along v does not change the number of complementary regions; all the
arc diagrams considered have r complementary regions. Hence, enumerating the
various cases, the arc diagrams in Gy, -(b) are in bijection with the various arc
diagrams enumerated on the right-hand side of the equation. O

Turning to the Ny ., we now obtain the following, refining Proposition 6.1.

Proposition 9.14. For (g,n) # (0,1),(0,2),(0,3), 7 > 1 and by, ..., b, such that
bl > 07 b27"'abn > 07

m .o
Ng,n,r(b) = § 5 gfl,n+1,r7%+1(za,77b27~‘~abn)
1,5,m>0
i+j+m=by
m even

n m. .
+ Z Z Eijg,nfl,rf%ﬂfébj,o(%b27-~-,bj,~~~,bn)
=2

i,m>0
i+m=by +b3
m even

—~—

m - . ~
+ Z Eijg,n—l,r—ﬂ—m—o—l(l’bQ""’bj""’b")

2
i,m>0
i+m=bq —bj

moeven

DY 2.

g1+g2=g i,5,m>0
IuJ={2,...n}  i+j+m=by
No discs or annuli "™ even

m . .
X E 5N91,|I|+1,r1 (Z,bI)Ng2,|J|+1,r2(J,bJ)
r1,72>0
r1+r2:r—%‘+1

7 1 == =5 ..
blN;,’ﬂ(b) = Z 5 v mNgfl,n+1(Z7.]ab2a'~-7bn)
2,J,m=>0

i+j+m=by
m even
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LY >

91+92=9 i,§,m>0
IuJj={2,....,n} i+j+m=by
No discs or annuli " even

1 - = >t . St .
XD G dm NG (660 No2 4 (Gib).

t1,t2>0

t1+ta=t
Proof. We proceed similarly to the proof of Proposition 6.1. First, we prove the
recursion on Ny ,,. Let C' be a non-boundary-parallel arc diagram on (Sy.,, (b)),
with arc v at the first marked point p on the first boundary component B;. We
consider the same three cases for  as in the proof of Proposition 6.1.

First, suppose 7 has both endpoints on B; and is non-separating. There are 3
arcs (including ) parallel to 7. Between the % parallel arcs there are % — 1 com-

plementary regions. Cutting along v and removing arcs which become boundary-
parallel produces an Sy_1 41 with % — 1 fewer complementary regions. So all
diagrams considered in this case have r — 3 —
ment in the proof of Proposition 6.1, the number of arc diagrams so obtained is

given by the first term in the recursion.

1 regions, and following the argu-

The second case is when v has endpoints on distinct boundary components By
and Bj, or is separating and cuts off an annulus with B; as a boundary component.
This corresponds to the second and third lines above.

Let m/2 be the number of arcs which are “parallel” to +, in the extended sense
of the argument of Proposition 6.1: if v runs from B; to Bj;, then we take as
“parallel” all arcs parallel to v, and those which run from from B; around B; back
to By, and those which run from B; around B; back to Bj; while if v cuts off an
annulus around B;, we take as “parallel” all arcs parallel to 7, and those which run
from B; to B;. These m/2 arcs consist precisely of v and those arcs which become
boundary-parallel after cutting along ~.

Assuming that b; > 0, these m/2 arcs, running from B; to Bj, or from one
of these boundary components around the other and back to itself, enclose 7 — 1
regions within an annular region which is effectively removed from S: see Fig. 11.
If b; = 0, then we only have m/2 arcs running around Bj, which enclose precisely
m/2 regions. Thus the number of regions effectively removed from S is % — 146y, 0.
We again orient these arcs so that they run from B; to Bj, or run anticlockwise
around By or Bj, and again the number of arc diagrams for which ~ runs from By
to By, or runs from By around Bj, and is oriented so that p is the start point of
v, is given by the summation in the second line above: all diagrams obtained by
cutting along such v and removing boundary-parallel arcs have r — 3 + 1 — dp, o
complementary regions.

If by > bj, then as in Proposition 6.1, we need to count arc diagrams, where p is
the endpoint of 7. We redefine m so that the number of arcs from B; looping around
Bj is m/2. If b; = 0, then these m/2 arcs looping around Bj; enclose m/2 regions
within an annular region which is effectively removed from S, so resulting diagrams

1750012-78



Counting curves on surfaces

Fig. 11. The m/2 “parallel” arcs enclose m/2 — 1 regions.

have r — % complementary regions. If b; > 0, then the m/2 arcs looping around B;
also enclose b; arcs running from B; to Bj; and the annular region has 5 —b; + 1
regions. Thus, the resulting diagrams have r — 3 + b; — 1 complementary regions.

Either way, the resulting diagrams have » — % + b; — 1 regions and, following the

2
proof of Proposition 6.1 (and noting min(by, b;) = b;), we obtain the summation in
the third line.

If by < bj, then we have overcounted, and as in Proposition 6.1 need to subtract
off diagrams where p lies on B;. We redefine m so that the number of arcs from
Bj looping around B; is m/2. As in the previous paragraph, these arcs enclose an
annular region with 4 — b1 + 1 complementary regions, so that diagrams obtained
after removing this annulus have r — % + by — 1 complementary regions. (Note
b1 > 0, so that by = by in any case; but we write by for consistency.) Since we have
min(by,bj) = by, we obtain the summation in the third line again.

The third and final case is when ~ is separating but does not cut off an annulus.
There are m/2 arcs (including «) parallel to . As in the first case, there are
% — 1 complementary regions between the 3 parallel arcs. Cutting along v and
removing arcs which become boundary-parallel, we obtain a surface with r — 3 +1
complementary regions. This surface is disconnected, with two components having
1,72 complementary regions satisfying r; + 72 = r — 3 + 1. The number of arc
diagrams is then given by the final line in the recursion.

This completes the proof of the recursion for Ny , . We now rewrite it in terms
of t-parameters. Let ¢ be the parameter for the left-hand side, and ¢’ for the term
in the first line of the right-hand side. Then

1 n
tzr—(2—2g—n)—52bi

i=1

:r—%+1—(2—2(9—1)‘(”+1))_%(HHEbi) "

where we used i + j + m = by. If we write t” for the parameter for the term in
the second line, we similarly obtain ¢ =t — 5, o. In the third line, if b; > b; then
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min(b1,b;) = b;, so writing ¢ for the parameter, we have
_ 1 ~
t'"zr—%—bj+1—(2—2g—(n—1))—§(i—|—b2+~-~—|—bj+-~~+bn)

1« 1 _
:r—(2—2g—n)—§Zbi+§(b1—bj—i—m)+bj—bj:t—(Sbj,o.
i=1

Here, we used the fact that i+m = b; —b; in the summation. If alternatively b; < b;,
then we obtain t"" =t — 0y, o. Either way, we have t" =t — dnin(p,,5,),0- But we
are assuming by > 0, S0 dmin(b,,5;),0 = Ob;,0- In the final term, if the two factors
have parameters t1,t2, the condition ry +ro =7 — 5 + 1 translates to t; +t2 = t.

Dividing through by bs - - - b,, immediately gives the desired recursion on N in QO

9.8. Polynomazality in small cases

We can now use the recursion of Proposition 9.14 to find Nén for (g,n) = (1,1)
and (0,4).
Proposition 9.15. For by even and non-zero,
1 1
= -
4870 12
All other J\Affﬁl(bl) are zero.

~ ~ 1 ~
Nlo,l(bl) Nll,l(bl) = §a N12,1(0) =1

Proof. Consider ]Vf,l(bl). We assume by is even. We have, for b, > 0,

=5 1*.*. > ..
ble,l(bl) = Z 5” mNé,z(Z»])-
i,7,m>0
i+j+m=by

Lemma 9.3 found that Ng,(b,b) = 1 for b > 0, Nj,(0,0) = 1, and all other
N§o(b1,b2) = 0.
Thus, we only need consider the cases t = 0, 1. In the ¢t = 0 case, we obtain
~ 1. 1 1.
blNﬂl(bl) = Z 522 m - = Z Fim

i>0, m>0 i>0, m>0

2i+m=by 2i+m=by

m even m even

1 1 1 1

— - = ZSy(b1) = —b — —by,

1 2. vm=gSolb) = gt - b
t,m>0
L+m=by
m even

where we let 2i = ¢, and Sy is the sum studied in Sec. 7.1.
For t = 1, we have a non-zero term only when ¢ = j = 0:

~ 1-- ~ o 1
LN ()= > Ftgm Ny (i, 5) = 01
i,7,m>0
i+j+m=by

m even
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The above assumes that by > 0. When b; = 0, the only non-zero count is
Ni11(0) = N71(0) = 1. O

We can summarize N{l in a table of k and ¢; we present the result for (g,n) =
(0,4) in a similar fashion.

o

|-

S

™

|

‘)—‘
NlH =

Proposition 9.16. For the various possible values of t,k, with by,..., by > 0
and by 11 = - = b, =0, NgA(bl,...,bn,k,O,...,O) s given by the following
tables.

(i) If all b; are even:

PN 0 1 2 3
0 | (T +0b3+0b3+03) —1 3
1 (b3 + b3 +b3) — 1 3
2 1(b3 +b3) ) 22
3 1p2 42
4 1
(il) If two b; are odd:
P~ 0 1 2 3
0 | (T +03+03+03)— 3 o 21 o
2 13 +b3)+1 0
3 0
4 0
(iii) If four b; are odd:
i~ 0 1 2 3
0 | TOT+03+03+03)—1 3
1 0 0
2 0 0
3 0
4 0
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Proof. Proposition 9.14 gives, for b; > 0,

4

=~ 1 S b0y, ~
t - ,0 /.
b1N0,4(b) = E 5 E ZmNO,?) ! (va2a'~‘7bj7"~abn)
j=2 i,m>0
’L+m:bl+b3
m even

— - ~t—6p..0 . ~

+ E szO,g ’ (Z,bg,...,bj,...,bn) . (15)
i,m>0

i+m:b1—bj

m even

Proposition 9.11 gives us bounds on k and ¢. Either 0 < k < 3 and max(k,3 —
$30 b)) <t <min(3,1+k), or k=4 and t = 3. Since b; may become large,
we first consider 0 < k < 3 and k¥ < ¢t < min(k + 1,3). This gives eight cases to
consider: (k,t) = (0,0),(0,1),(1,1),(1,2),(2,2),(2,3),(3,3), (4,3). We present the
cases (0,0) and (0, 1); the remaining cases can be handled in a similar fashion.

If (k,t) = (0,0), then (15) expresses ]\Af874(b1,b2,b3,b4) in terms of ]\78’3. From
Proposition 9.7, J/\7873(b1,b2,b3) = 1 provided by + bs + b3 is even, and all b; are
non-zero. Hence, every ]\7873(i,b2, .. .,l;;',...,bn) = 1, except when ¢ = 0. We see
sums So(by £ b;), and obtain

Qb1ﬁ8,4(bl, ba, b3, ba) = So(b1 + b2) + So(b1 — b2) + So(b1 + b3)
+ So(bs — b3) + So(br + ba) + So(by — by).
We have Sp(k) = % - % when k is even, and % - % when k is odd. Thus, we
obtain

1
Z(b% +03+b24+b3)—1 all b; even,

N 1
N 4(b1,b2,b3,bs) = Z(b% + b3+ b2+ b3) — = two b; even, two odd,

| —

1
Z(b% +03+b2+b3)—1  all b; odd.

If (k,t) = (0,1) then 15 expresses ]V&A(b) in terms of ]\70173. Proposition 9.7 says
that J\Af(}ﬁ(bl, ba, bs) = 1 provided that precisely one of the b; is zero, and by + by + b3
is even. As k =0, all b; > 0 so only setting ¢ = 0 (hence m = b; £ b;) can provide
the zero. But ¢ = b; £ b; (mod 2), so only those j for which b; = by provide a
non-zero term. If all b; are even, or all b; are odd, then all j provide a non-zero
term, and we obtain

201 Ng 4 (b1, b2, b3, ba) = (b1 +bz) + (by — ba) + (by + bs)
+ (bl — bg) + (b1 + b4) + (bl — b4) = 6by
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and hence ]\AfolA(bl, ba, b3, by) = 3. But if two of the b; are even and two of the b; are
odd, then we obtain 2b; N 4(b1, ba, bs, bs) = 2by, s0 JV&A(bh b2, b3, bs) = 1. o

In these examples, within the range 0 <k <n—1and k¥ <t < min(2g +n —
1,k+3g—3+n), the degrees of the polynomials decrease as ¢ increases, and increase
as k increases. When all b; are even, these polynomials are all non-zero and their
degrees in the b? precisely decrease by 1 at each step. However, when the b; are
not all even, sometimes the polynomials drop abruptly to zero. Sometimes this is
forced: for instance if k of the b; are zero, then we can have at most n — k of the b;
being odd. But even when the value of k does not force N;n(bh ceiybp_k,0,...,0)
to be zero for parity reasons, the polynomial may drop to zero anyway, as seen
above for N (b1, b2,0,0) with by, by odd.

We will prove that such behavior always occurs in the next section.

9.9. Polynomaiality of refined non-boundary-parallel counts

Theorem 9.17. Suppose that (g,n) # (0,1),(0,2). Let k,t be non-negative integers
and by, ..., b,_ be positive integers.

) IfoO<k<n-1adk <t < min(2g+n—1,k+ 39 — 3+ n), then
N;,n(bl, coisbpn—k,0,...,0) ds a symmetric quasi-polynomial over Q in
bi,...,b% ., depending on the parity of by,..., by_k.

(i) Ifk=nandt=2g9+n—1, thenAﬁ;n(O, 0 =1,

(iii) For any other values of k and t, N;n(bl, ceiybp_p,0,...,0) =0.

Note that the inequalities on ¢ in (i) are from Proposition 9.11, and are necessary
conditions for the existence of non-boundary-parallel arc diagrams.

When k£ = t = 0, this theorem reduces to Theorem 1.12 (apart from the
statement about degree). The proof is essentially a refinement of the proof of
Theorem 1.7. The computations above have established the theorem for (g,n) =
(0,3),(0,4) and (1, 1). However, because of the inequalities on g, k, n, ¢, establishing
that various terms are non-zero is a more technical exercise.

Proof. We first dispose of parts (ii) and (iii). When k& = n, we have all b, = 0,
so the only possible arc diagram is the empty one, which has t = 2g +n — 1, so
]Vgt’n(07 ...,0) =1 as claimed, proving (ii).

To see (iii), suppose k, ¢ are not covered by parts (i) or (ii). As k is the number
of zero boundary components, 0 < k < n. If 0 < k < n — 1, then we must have
t<kort>2g9g+n—1ort>k+39g—3+n;and if k£ = n, then we must have
t # 1 — x. In any of these cases, the conditions of Proposition 9.11 are violated, so
N!,, =0, proving (ii).

It remains to prove (i). The proof is by induction on the complexity —y =
2g +n — 2; we have computed the —x = 1 cases (g,n) = (0,3) and (1, 1) explicitly.
We now take (g,n) with complexity > 2, assuming the theorem holds for any
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smaller complexity. We also take k,t such that 0 < k < n—1and k£ < t <
min(2g+n—1,k+3g—3+n). Take k of the b; to be zero; without loss of generality

assume by,...,b,—r > 0 and b,_fy1 = --- = b, = 0. Further, fix the parity of
b1,...,bn_k; we must show that N;n(bh ceiybn_k,0,...,0) is a polynomial with

the required properties.

The recursion in Proposition 9.14 expresses J/\fgn(b) in terms of ﬁ;;,n/ where
(¢',n') is of smaller complexity (but neither (¢’,n’) = (0,1) nor (0,2) are ever seen),
hence for which the result holds. Explicitly, the following Ns oceur:

o N!_y,41(isjiba,... by), where d,j >0, i+j < by and i +j = b; (mod 2);

~t—3. ~
o N, 4" (i,ba,...,bj,...,by), where i >0, < by £bj and i = by £ b; (mod 2);
° N;i,‘]‘+1(i7b1) N;j,‘J‘+1(jv bJ)v where 9179277;7j7t17t2 2 07 g1 +92 =49, 7’+] S bla

i+j=b (mod2),t1+te=¢t,|I],|J] >2,and |I|+|J|=n—1.

Expanding out the 2?22 sum in the second line, and the sums over g; +
g2 = g, IT'UJ = {2,...,n}, t1 + ta = t in the third line, we express
blN;n(bl, ceisbn—k,0,...,0) as a finite collection of sums of the types

P

Type 1: Z im --- or Type?2: Z ijm .-
i,m>0 i,5,m=>0
m even m even
Here, the - - - represents some constant times an ]\Af (b1,0,...,0), or a product of two
such terms. As discussed in the proof of Proposition 9.14, having fixed the parity of
b1,...,bn_k, the parity of ¢ in a sum of type 1 is determined, but in a sum of type

2 only the parity of i + j is fixed; so there are two possibilities for (¢,7) (mod 2).
Fixing the parity of all variables, every N occurring has inputs which are all fixed
in parity. We further need to distinguish between zero and non-zero inputs to each
N. So, we split sums of type 1 into the ¢ = 0 term and the sum over i > 0 terms.
And we split sums of type 2 into the i = 0,5 = 0 term, a sum over ¢ = 0,5 > 0
terms, a sum over ¢ > 0,7 = 0 terms, and a sum over ¢ > 0,7 > 0 terms.

Each term of type 1 becomes a finite collection of monomial terms, or sums, of
one of the forms

q(br)(b1 £b5) or q(br) E 7i%%m
>0, m>0
i+m=bi+b;
i=e mod 2, m even

q(b])Sa(bl + bj) b1 + bj =€ (HlOd 2)
o otherwise,

where € € {0,1}. (Note we obtain S, (b1 £ b;), not A, (b1 £b;), because in the sum
i > 0.) Here, each ¢(by) is a constant multiplied by a monomial in the b7 other than
b and b3. We have seen (Lemma 7.4) that S, (k), with fixed parity of &, is an odd
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polynomial. Every time, we see an S,, it appears in a pair S, (b1 +b;) 4+ Sq (b1 — b;),
which is odd in b; and even in b;.

Each term of type 2, similarly, becomes a finite collection of sums of one of the
forms

q(br)by or

T B br)Sa(b b1 = € (mod 2),
q(br) Z ii2“m:{g( D)Sabr) by ( ) or

i>0m>0 otherwise,

i+m=by
i=e mod 2, m even

4(0) /_i/ 77 % = {O(bI)R p(b1) b1 =0+€ (mod 2)

i,j>0, m>0

i+j+m=by

i=§ (mod 2),
j=e (mod 2), m even
Each S(b1) and R (b1) is an odd polynomial in b; (Lemma 7.4). Collecting all
these terms together, we obtain on the right-hand side a polynomial which is odd
in b7 and even in all other variables. Hence, N;n(bh ceiybp_k,0,...,0) is an even

polynomial in all variables. O

otherwise.

Theorem 9.18. Suppose that (g,n) # (0,1),(0,2). Let k, t be non-negative integers
satisfying 0 <k <n—1and k <t <min(2g4+n—1,k+3g9g—3+n). Let by, ..., bk
be positive integers. Fixing the parity of by, ..., bn_k, the degree of the polynomial
]V;n(bl,...,bn_k,O,...,O) in the b7 is at most 3g — 3 +n —t + k.

We will see in Theorem 9.19 that when 0 < £ < n—1 and t = k, the degree is in
fact exactly 3g — 3 +n —t + k. Note that the bounds k <t < k+ 39 — 3+ n provide
“just enough room” in ¢ for the degrees of the polynomials N, ;,n to decrease from
39g—3+n (when t = k) to 0 (when ¢t = k+ 39 — 3 +n). However, as we have seen,
it is possible for the polynomials obtained to have degree less than k + 3g — 3 + n.

Proof. From the previous theorem, Ng,n(bl, cevybp_k,0,...,0) there are polyno-
mials as claimed; we only need to check degrees. To do this, we consider each term
of the recursion separately, and consider the possible N;im, (b1,...,bp—p,0,...,0)
which can occur, keeping track of the possible genera ¢’, numbers of boundary
components n’, complementary region parameter ¢’, and number of boundary com-
ponents with no marked points k’.

In the first line of the recursion (case 1), we see terms involving N 1t
(4,7,b2, .., bn—%,0,...,0). So ¢ =g—1,n" =n+1and t' = t. The Varlables
i and j can be zero or non-zero, hence k' = k, k+ 1 or k+ 2. We refer to these cases
as la, 1b, lc, respectively.

In the second line of the recursion (case 2), we have N 2%(i, by, . . bA ooy ).
Here, ¢ and b; can be zero or non-zero. We refer to the cases (Sgnz Sgnb ) =
(0,0),(0,1),(1,0),(1,1) as 2a, 2b, 2¢, 2d, respectively.
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In the third line of the recursion (case 3), we have ]V;L”Hl(i, b[)ﬁ;j"J‘+1(j, by).
Let k1, k2 be the number of zeroes in (4, by) and (4, by), respectively. We deal with the
two N terms separately. There are many possibilities for g1, ga, |I|, |J], t1, t2, k1 ke,
subject to the constraints in the summations. There are also the further possi-
bilities that ¢, j may be zero or non-zero. We refer to the cases (Sgni,Sgnj) =
(0,0),(0,1),(1,0),(1,1) as 3a, 3b, 3c, 3d, respectively.

In cases la—2d, we calculate the maximum degree 3¢’ —3 +n' —t' + £k’ of the
corresponding quasi-polynomials J\Af;:’n,, as shown, always assuming that 0 < k <
n — 1 (since b; > 0 in Proposition 9.14). These are as shown.

Case g n' t’ K 39 —3+n —t' + K

la g—1 n+1 t k 3g—5+n—-t+k
1b g—1 n+1 t k+1 39g—44+4n—t+k
lc g—1 n+1 t k+2 3g—3+n—t+k

2a g n—1 t—1 k 3g—3+n—-t+k
2b g n—1 t k+1 39g—-3+n—t+k
2c g n—1 t—1 k-1 3g—4+n—t+k
2d g n—1 t k 3g—4+n—t+k
In case la, we have k' = k, so we sum %ijl/\};:m, over 4,7 > 0, subject to

i+ j+ m = by, where m > 0 is even. By induction, after fixing the parity of all
entries, ﬁ;i,n/ (4,4,b2, ..., bp_k,0,...,0) has degree at most 6g — 10+ 2n — 2t + 2k in
1,7 and the b;. (If i + j and b, have distinct parity then the polynomial is zero, but
the degree condition is still satisfied.) After multiplying by ¢jm and performing the
summation, obtaining a nggr 1(by) in the process, we have a polynomial of degree
at most 6g — 5 4+ 2n — 2t 4+ 2k which is odd in b; and even in all other variables;
dividing by b, we obtain a polynomial of degree at most 6g — 6 + 2n — 2t + 2k,
hence of degree < 3g — 3 +n —t + k in the b?.

Cases 1b and 1c follow a similar analysis.

In case 2, we consider the sum of %fm]/\\f;:nfl(i,bg, . .,bAj, ceybp_k,0,...,0),
over ¢ and m > 0 satisfying ¢+m = by £b; with m even. There are two summations,
one with by 4 b; and one with b; — b;, and we add them.

In case 2a, we have i = 0 and b; = 0, and the sums both reduce to the same
single term %blﬁ;;,n/(O, ba, ..., bn—,0,...,0) witht’ = t—1 and k' = k. (This term
is zero if by is odd.) Fixing the parity of the variables and dividing out by by, we
have a polynomial of degree < 3g — 3 +n —t + k in the b?.

In case 2b, we have ¢ = 0 again, so the sums reduce to single terms, but now
b; # 0, so the single terms are %(bl:l:bj)[\\[;:’n/ (0,b9,..., bAj, v ybnk,0,...,0), where
t' =t and ¥’ = k + 1. These sum to blﬁ;;,n,(O,bg, . .,bAj, ceiybp—k,0,...,0). (This
is zero unless ¢ = by £b; (mod 2).) Fixing parity and dividing out by b1, again we
have a polynomial of degree < 3g — 3 +n —t + k in the b?.

Cases 2c and 2d follow a similar analysis.
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We turn next to case 3. Here, each N \IHI(Z’ br) and Ng |J|+1(], by) by induc-
tion satisfies the conditions of the theorem so once, we fix parity of the non-zero
variables, and recalling that g; + g2 = g, t1 +t2 = t and |I| +|J| = n— 1, we obtain

polynomials in the b?, with degree
deg N 1 (3,br) N2 (5, ba)
< @B =3+ (I +1) —ti+ki)+ Bg2 =3+ (|J] +1) —ta+ k2)
=39—5+n—t+ (k1 + ko).

In case 3a we have i = j = 0, so k1 + k2 = k+ 2 and the sum reduces to a single
term b1N |I|+1(0,b1) N;2 |J|+1(0,b1). (This term is zero if by is odd, since the
sum is over z + 7 = b1 (mod 2).) Dividing out by b; yields a polynomial of degree
<3¢g—-5+n—t+(k1+k)=39g—-3+n—t+k.

In cases 3b and 3c, we have one of 7, j being zero and the other non-zero; without
loss of generality suppose j = 0 and ¢ > 0. Then the sum reduces to a sum over i > 0
and m >0 With i—i—m = by and m even. We have k1 + ko = k+ 1, so fixing parities,
N;l |1|+1(Z b)) N ” \J\+1(O’ by) has degree < 6g — 8 + 2n — 2t + 2k in its variables.
(If i and by have distinct parity, it is zero.) Multiplying by 2im and summing, we
see an S, (b1), and obtain a polynomial of degree < 6g — 5 + 2n — 2t + 2k which is
odd in b; and even in all other b;. Dividing by b1, we obtain a polynomial of degree
<3g—3+4+n—t+kin the bf.

Finally, in case 3d, we sum over 7, j > 0. We have ky + ko = k, so fixing parities,
the product N |I|+1(z, b])]/\\f;Q \J\+1(j’ by) has degree < 6g — 10+ 2n — 2t + 2k (zero
unless i +j = b1 (mod 2)). Multiplying by 2 5ijm and summing, we see a RO orL(py)
and obtain a polynomial of degree < 6g — 5 4 2n — 2t 4 2k; dividing by b1 gives a
polynomial of degree < 3g — 3 +n —t + k in the b2.

We have now shown that using the recursion, we can take by N, ;,n(bl, cee
bn—k,0,...,0), express it as a finite collection of sums, and, fixing the parity of
bi,...,by—k, each non-zero sum yields a polynomial of degree < 3g—3+4+n—t+k
in the b? with positive coefficients of highest degree. Summing them, the result is

a polynomial of degree at most 3g —3+n —t + k. |

9.10. Relations between polynomials, volumes and moduli spaces

Summing ]/\};n(b) over t gives J/\fg,n(b), regardless of whether some b; are zero.
Thus, forany g >0, n>1and 0 < k <mn,

Nyn(bi, .. bus,0, ... Z S(b1, . b, 0,...,0). (16)

This sum is finite and when (g,n) # (0,1),(0,2), these functions are quasi-
polynomials.

Obviously, Agm(bl,...,bn_k,O,...,O) can be obtained from ]\Afg,n(bl,...,
br—ksbn—k+1,---,bn) by setting b,_xy1 = -+ = b, = 0. But it is not true
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that setting by_ps1 = -+ = by = 0 in N!, (b1, byorsburi1,- .., bn) gives
Ng,n(bl, cevybp_k,0,...,0), since t depends on the (sum of the) b;. Indeed, as seen
from the examples in Sec. 9.8, for distinct values of k, the sequences (in t) of
quasi-polynomials J/\fg,n(bh eeybn_k,0,...,0) may be quite distinct, and cannot be
obtained from each other simply by setting some variables to zero (or even by
setting variables of designated even parity equal to zero).

Nonetheless, fix k in the range 0 < k < n—1, and consider the sequence (in ¢) of
quasi-polynomials ]vgt’n(bl, ceeybp_k,0,...,0). These quasi-polynomials can only be
non-zero for ¢ in the range £ < ¢t < min(2g+n—1,k+39g—3+n), by Theorem 9.17.
By Theorem 9.18, for such k and ¢, these quasi-polynomials have degree at most
3g—3+n—t+ k. And since k < ¢, we have 3¢9 —3+n—t+k < 3g — 3+ n.
However, we know from Theorem 1.7 that the quasi-polynomials J/\fg,n(bl, cooybp)
have degree 3g — 3 + n. This leads us to the following.

Theorem 9.19. Let g > 0 and n > 1 satisfy (g,n) # (0,1),(0,2). Let 0 < k <
n—1.

(i) FEach polynomial defining the quasi-polynomial ]\Afin(bl, ey bp—k,0,...,0) has
degree 3g — 3 +mn in b3, ... b2 _,.

(ii) Fliz parities for by, ..., bu—_k. Then the highest degree (3g — 3+ n) terms of the
polynomial ]ng’n(bl, oy bnk, 0,0..,0) in b3, .. 02, agree with the highest
degree terms of the following three polynomials:

Nyn(biy- - by p,0,...,0),
1

Ngn(bi,... bp—,0,...,0), §Vg,n(b1, ceybp_g,0,...,0).

(ili) The polynomials defining the quasi-polynomial ]v;n(bh ceiy bk, 0,...,0)
all agree in their terms of highest degree, and for non-negative integers
dy,...,dn_y satisfying di + -+ -+ dp—, = 39 — 3 +n, the coefficient cq, .. a4

of b?dl ~-~bi‘ﬁ1k”“ in each of these polynomials is given by

n—k

C, = 1 di e wdn_k M
dy,..ydpn g 259—6+2n g 1. .. d, ! 1 n—k »/Vlgm ) -

Recall that Ny, (b1, . ..,b,) denotes the lattice count quasi-polynomials of [31],
and Vj ,,(b1,. .., b,) denotes the volume polynomials of [25].

When k = 0, we obtain Theorem 1.13, and (ii) gives the degree statement in
Theorem 1.12, completing the proof of that theorem.

Proof. Fix parities of by,...,b,_;. By Theorem 1.9, for any di,...,d, > 0 such
that di+- - -+d,, = 3g—3+n, the coeflicient of b%dl -+ b2dn is non-zero. In particular,
setting b, ki1, ---, by to zero, the degree of ]ng remains 3g —3+n. This proves (i).

Still fixing parities of the b;, as discussed above, Eq. 16 expresses a polynomial
of degree 3g — 3 + n as a sum of polynomials of degree at most 3g — 3 +n —t + k;
moreover in this sum we always have t > k,s0 3g —3+n—t+k < 3g — 3+ n, with
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equality if and only if ¢ = k. Thus the polynomial with ¢ = k has degree exactly
3g—3+n. Moreover, the the terms of degree 3g—3+n in J\Afg,n(bh ceiybn_k,0,...,0)
and N;n(bh ceeybn_k,0,...,0) agree. Theorem 1.9, Proposition 7.7 and subsequent
discussion then immediately imply the rest of the conclusions. O

Thus, we can recover the full set of intersection numbers of -classes on the
moduli space of curves from ]/\\fgoﬁn(bl, ..., by), restricting the number of regions in
arc diagrams by k& = ¢t = 0. The constraints £ = ¢ = 0 mean topologically that
each boundary component has at least one arc endpoint, and that the arcs cut the
surface into the minimum number of regions possible.

When k = t, the quasi-polynomials ]Vg’in(bl, ceybp—k,0,...,0), in addition to
recovering intersection numbers on moduli spaces, have an interesting set of zeroes
and positivity constraints. Indeed, Lemma 9.12 immediately implies that these
quasi-polynomials must be zero, or positive, for certain values of by, ..., b,_k, giving
the following result.

Proposition 9.20. Consider the quasi-polynomials N;n(bh ceiy bk, 0,...,0), for
(g,n) #(0,1),(0,2),0<k<n—1andby,...,by_x >0.

(i) Any integer point b = (b1,...,bp_x,0,...,0) satisfying %(bl ot b)) <
2g+mn—1—Fk is a zero of N;n, ie. Ngk’n(b) =0.

(ii) At any integer point b = (by,...,b,—k,0,...,0) satisfying %(bl ot bpg) >

29 +n—1—k, Ngk’n 18 positive, i.e. N;n(b) > 0.

9.11. Polynomazality for general refined curve counts

It is now not difficult to show that the G;n obey a polynomiality result similar to the
G g,n, using a method similar to Sec. 7.4, refining it as in the proof of Proposition 9.8.

Theorem 9.21. Let (g,n) # (0,1),(0,2), let t be an integer satisfying 0 < t <
min(2g + n — 1,39 — 3 + n), and let by,...,b, be non-negative integers. Then
G;n(bl7 ..., by) is given by a product of

(i) a combinatorial factor (2721) for each 1 < i < n, where b; = 2m; if b; is even

and b; = 2m; + 1 if b; is odd, and
(ii) a symmetric rational quasi-polynomial Pgt,n(bl, ..., by), depending on the parity
of each b;, of degree < 3g — 3+ 2n —t.

If we fix the parity of each b; so that at least t of the b; are even, then the degree
of the corresponding polynomial in Pgt,n(bl, ...y by) is exactly 3g — 3+ 2n — t.

Proof. Fix the parity of by, ..., b,, and write b; = 2m,; or b; = 2m; + 1 accordingly.
Using Proposition 9.5, we express Ggﬁn(bl, ...,by,) as a sum over ay, ..., a,, where
0 < a; <b; and a; = b; (mod 2). For those b; which are even, we split the sum

1750012-89



N. Do, M. A. Koyama & D. V. Mathews

over a; into the a; = 0 term and the a; > 0 terms. This expresses G;n as a sum of
terms of the form

2mi bj =~
I S ([ oe o) S
ieK v 1<a;<bj jeJ 2
a;=b; (mod 2)
jeJ

In each such term, each q; is fixed to be even or odd, and each of even a; is fixed to
be zero or non-zero; J and K denote the set of ¢ for which a; has been set to non-zero

or zero, respectively, so KUJ = {1,...,n}. Hence, we can write J/\fg,n(al, cey ) =
]\Af;,n(aJ,O). In fact, G% ,(b1,...,b,) is the sum of all such expressions, where K

runs over subsets of I, the set of indices 7 for which b; has been chosen to be even.
We write |K| = k as per previous notation, so |J| =n — k.

If Kk = n, we have ]V;n(O, ...,0) = d;24+n—1. Depending on ¢, this is also a
symmetric quasi-polynomial of degree 0, or is zero; it gives a term of the form
(272111) . (2;1"") times a constant in GY ,, when t = 2g +n — 1. Thus, it remains to
consider the terms with 0 < k <n — 1.

By Theorem 9.17, when 0 < k < n —1, J\Af;,n(aJ, 0) is either zero, or ¢ lies in the
range specified in the theorem (in particular, £ < ¢), and ]vt n(ay,0) is a symmetric
quasi-polynomial in the a , of degree < 3g—3+n—t+k < 3g 3+ n. Splitting up
N;,n(aJ,O) as a sum of monomlals calljesa j I
terms of Gy, as a finite sum of terms of the form

b,
TZ)Sell X (nl )
€K JEJ  1<a;<b; 2
a;=b; (mod 2)

, we can write the corresponding

As ﬁ;n(aJ,O) has degree < 3g — 3 +n —t + k, we always have a; + -+ + a, <

3g—3+n—t+k. When t = k, by Theorem 9.19, the degree of J/\fg,n(aJ, 0) is exactly

3g—3+n—t+k=3g— 3—|—n so in this case there are terms with ay + -+ + o, =

39 —3+n. Each (ﬁ)a%‘f is either pq,(m;) = (2mj)mjpaj (mj), if a; is
2

even, or o, (m;) = (2m3)(2m] + 1)qa, (my), if a; is odd. Each m;pa;(m;) and
(2my + 1)qa,; (m;) is a polynomlal of degree a; + 1, so in each term, the degree of
their product is >, ;(a; +1) = 3,5 @) +n—k <39 — 3+ 2n — ¢, and when
t = k there are terms where equality holds.

Thus, Gt n(b1,...,b,) can be expressed as a finite sum of terms, where each
term is a constant multiplied by (2m1) (27?""), multiplied by a polynomial in
mi,...,my. This polynomial is either a constant (in the case k = n and t =
Qg—I—n —1), or is a product of m;pqa; (m;) and (2m; +1)qq, (m;), over j € J. Terms
where the number k of variables set to zero satisfies 0 < k < n — 1 contribute
polynomials of degree < 3g — 3 4 2n — t. When k = n, the polynomial contribution
is a constant. Thus, G}, ,, has properties (i) and (ii) claimed.
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If at least t of the b; are even, then it is possible to set ¢ of the variables to zero,
so there is a term with k£ = ¢ which contributes to the polynomial P;n (b1y...,bp).
As discussed above, there are then monomials appearing with » jes 0 =39—3+
n—t+k, and when we perform summations, we obtain products of m;pq; (m;) and
(2m; + 1)qq,, contributing a polynomial of degree exactly 3g — 3 + 2n —t to P;n
As all the polynomials involved have positive highest degree terms, the resulting
polynomial P;n(bl, ..., by) must have degree exactly 3g — 3 + 2n — . O

10. Differential Equations and Partition Functions
10.1. Refined differential forms and generating functions

Refining by regions, we now develop generating functions f<,, f2, and differential
forms wg ,, by regions which will satisfy differential equations.

Definition 10.1 (Refined generating functions and differentials). For inte-
gers g > 0,n>1and r > 1, and ¢, let

gn,r(xlv"‘vxn) = Z Ggﬂl,r(:ulv"‘nun) Mil"'x;,‘nil

H1seeesfin 20

G z) = S Nema(vr,. ) ez

Vl,eeoyUn >0
Gl = X Gl
Bseeespin 20
gﬁt(zhuwzn) = Z N (V17...7 )zi’l 1...2Zn—1
V1oV >0
wgcvn»"“(xl" o ’xn) = ffn,r(xl7 cee 7xn) d{E]_ . d{En
Wé\jn’r(Zh .. .,Zn) = fgj\,fn,r(zlw . ~7Zn) le .. dZn
wg;f(xl,...,xn) = gcf;f(xl’”"xn) dﬂfl dl’n
wé\f;f(zh...,zn) = Nt(zl’”.’zn) dzy -+ dzy,.
Since Ggn(p) = 3, Gonr(p) = 3, G (1) and Ny n(v) = 32, N, ’nr( ) =
Dot N75 ( ), we immediately have gGm = Zrzl gn’r =3, ant and gn _

Eer g,n,r Et

10.2. Small cases of refined generating functions
and differential forms

We can compute these generating functions directly in small cases (g,n) =
(0,1),(0,2),(0,3).
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Proposition 10.2. The generating functions focfl,r(xl), Joh.-(z1), f(fit(xl) and

féYl’t(zl) are all meromorphic, given by

o — Va4 ift=0

1/2r—2 —or G
oo = (20 )arr gt =1 2
0 otherwise,
1 . . -1 . o
N () = zy - ifr=1, N’t(zl)z 2] ift=0,
0L 0 otherwise, 01 0 otherwise.

Proof. An arc diagram on the disc with r complementary regions has r — 1 arcs,

so the only non-zero Go,1,r(p) is Go,1,-(2r — 2) = L(*'7?), yielding f§ ,.(z1). The

only arc diagram without boundary-parallel arcs is the empty diagram, so the only
contribution to f&; . is a 2", when r = 1.
All arc diagrams on the disc have ¢t = 0, hence f(f (x1) is equal to f§1 (#1) when

t = 0, and zero otherwise; similarly for fé\f 1’t. |

Proposition 10.3. The function foj\fét is meromorphic and is given by

1

— ift =0,
(1 — 2122)2 Zf
N,
fO,zt(zlaZQ) = L ift =1,
Z122
0 otherwise.

We calculated in Sec. 8.2 that f@(z1,22) = ﬁ + m; we now see that

the two terms in this sum correspond precisely to ¢t =0 and t = 1.

Proof. From Lemma 9.3, we have N&Q(bl, by) = by for by = bs > 0, N&,Q(O, 0) =1,
and all other N§ ,(b1,b2) = 0. Thus, fOJYéO(Z]_,ZQ) =32 v(zz) Tt = !

- (1—2122)2
1

N1 1
and fo'3 (21,22) = 2 Lot O

Proposition 10.4. The function féYét is meromorphic and is given by
2(21 + 2o + 23+ 212223)(1 + 2129 + 2223 + 232’1)
(1= 27)2(1 = 23)*(1 — 23)°
1+4z120+ 23 + 23+ 2322 1+ 4dagzg + 22 + 22 + 2222
(1—27)2(1 — 23)%z3 (1—23)2(1 = 23)%=
1+ 42321 + 23 + 22 + 2323
(1—25)%(1 = 21)%2
1+ 16272523 + 212525 + Doy (21 — 42725 + 2123 — 42{2323)

212223(1 = 21)(1 — 23)°(1 — 23)?

éYgO(zl,Zng) =

fo3t (21, 22, 23) =

N,2
f0,3 (21, 22,23) =
Nt )
and foj (21, 22, 23) = 0 otherwise.
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One can check that these three f;" 3 sum to the fi% calculated in Lemma 8.2.

Proof. From Proposition 9.7, we have N8,3(b1, ba, bs) = b1babs, for positive b; with
even sum; Ny 5(by, b2, 0) = byby for positive b; with even sum; Ng 5(b1,0,0) = by for
positive even by; and N0273(O,0,O) = 1. All other N§,3 are zero. Thus, following a
similar method to Lemma 8.2, we may define

2z 1+ 22
- Y e g o= e =

v>1 v>1
v éven v odd

(note p here is slightly different from Lemma 8.2) and then
fé\féo(zl,zm z3) = p(z1)p(22)p(23) + p(21)0(22)0(23)
+ p(22)0(z3)0(21) + p(zs)o(z1)o(22)

fo]\fél (21, 22, 23) Z’Zl p(22)p(23) + 0(22)0(23))

cyc

Jo5 (21,20, 23) = 27 Vg Yoy T 2y et p(zn) + 25 ey Tp(22) + 21 M2 tp((zs).

Expanding these out gives the claimed expressions. |

10.3. Meromorphicity and change of coordinates

A similar method to Sec. 8.3 shows that we have meromorphicity in many cases.

Proposition 10.5. For all integers g > 0, n > 1 and t, the functions é% gcfnﬂ,,
gn,r and the differential forms wé\f;f, wgnm, wé\fn,r are all meromorphic.
Proof. First, we deal with g n,r and g n.r- Once g,n and r are given, Lemma 9.9

says that if Ggnr(t1,. .., tn) > 0, then

1 n
§Zﬂi§r+2g+n—2.

i=1

Thus, only finitely many (p1, ..., u,) contribute to the sum for fg (15 ey T

Similarly, the sum for f,  (z1,...,2y) is finite. Thus f§, . and fJ, . are Laurent
polynomials in z1,...,,, hence meromorphic; and hence w, ,.(z1,...,2,) and
w21, zn) are meromorphic.

Turning to f , the proof follows Proposition 8.3. Propositions 10.2 and 10.3
show that fo,1 (zl) and f0,2’ (21, 22) are meromorphic; and hence wé\f (1) and
wé\j 3 (21, z2) are meromorphic forms.

For (g,n) # (0,1),(0,2), we proved in Theorem 9.17 that J/\fg,n(uh ceey
Vn—k,0,...,0) is a rational symmetric quasi-polynomial in v,...,v2_,. Hence, if
we fix each v to be zero, positive odd, or positive even, then we obtain a polynomial.
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Let {1,2,...,n} = KUJ, where K is the set of i for which v; = 0, and J is the set
of j for which v; > 0. When j € J, we can set v; = ¢; (mod 2), where ¢; € {0,1}.

Thus, we can split the sum for ght into 3" sums of the form

Z Hyj P(V17"'7Vn)|VK:0 Zillil"'zzn_%

v;>1 jeJ
vj=e; (mod 2)
jeJ
where P(v1,...,v,) is a polynomial, and P(v1,...,V,)|,c=0 means we set all v; =0
for i € K. This is a polynomial in the v; for j € J. Splitting each such polynomial
Nt

into monomials, we can write as a finite sum of terms of the form of a constant

g,n
times

—1 aj I/jfl
(=) x (o
iceK vi>1 jeJ

vj=e; (mod 2)
jeJ

Now we know from the proof of Proposition 8.3 that for any positive integer a and

e € {0,1},
E vV = E vz
v>0 v>1
v=e (mod 2) v=e (mod 2)
is meromorphic. Hence, g]\% is a finite sum of meromorphic functions, hence is
meromorphic, as is w;! O

gn-:

We have now shown all generating functions and differential forms are

meromorphic, except [ and wif, to which we now turn. Just as Theo-

rem 1.8 expresses Gy (b1,...,b,) in terms of Ny,(ai,...,a,), Proposition 9.5
expresses G, (b, ..., by) in terms of N} | (ay,...,an). The proof of Theorem 1.14,
then applies verbatim, replacing Gy, Ny, with G¢ ,, N!

g Ngns and we obtain the
following.

Proposition 10.6. For any g > 0, n > 1 other than (g,n) = (0,1) and integer t,

G, _ N,
¢*wg’,f(ac1,...,xn) _wg,nt(zl,...,zn),
where ¢(z ) = (a+ 5 Zn + 2). In particular, fC;t and WSt are
1y+++y%n 1 210 e /" p v Jgmn ag,n

meromorphic.

As in the unrefined case, we can regard x; < z; as a change of coordinates and
¢ ., rather than w&! or WV}t for (g,n) # (0,1). Proposition 10.6

g,n g.n g.nr
indicates again that the parameter ¢ is more natural than r for our purposes.

We conclude that each meromorphic form wy, naturally decomposes into a

t
g,m:

simply write w

finite sum of meromorphic forms w
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10.4. Refined free energies

From the refined meromorphic wg n, We can also refined our notion of free energy.
So a refined free energy is a function Fy , : (CP')™ — (CP*') such that
dyy - -dan;n(zl, R w;,n(zl, ey Zn)
- Gt Nt
In the case (g,n) = (0, 1), we have distinct Fy’;" and Fy’y".

In Proposition 1.16, we give expressions for free energy energy functions for
(g,m) =(0,1),(0,2),(0,3), which we now prove.

Proof of Proposition 1.16. We saw in Proposition 10.2 that fgio = focfl and
(37\,[1’0 = fé\fl, SO F(fl’o = F(fl and F(fl’o = Fg'), which were given in Proposi-
tion 1. 15 Differentiating the claimed F&Q and Fol,2 with respect to z1, 29 gives
the fo 5 and fé\f 2’1 from Proposition 10.3. Similarly, differentiating the F§,3 with
respect to z1, 2o, z3 gives the féY ét from Proposition 10.4. |

From Propositions 10.2, 10.3 and 10.4, we observe that the free energy functions
of Proposition 1.16 are the only non-zero functions with (g,n) = (0, 1), (0, 2), (0, 3).

We can observe directly that these F' g,n sum to the Fy ,, calculated previously. In
the (0,2) and (0,3) cases especially, the terms of the rather complicated functions
Fy » split up in a natural way.

10.5. Putting the generating functions and differential
forms together

We can now combine refined generating functions, differential forms and free ener-
gies together over all values of r or ¢, to obtain more general generating functions
and forms. These will eventually be put together into partition functions. We intro-
duce variables « and 3 to keep track of r and ¢, respectively.

Definition 10.7. For integers ¢ > 0 and n > 1, define the functions fgmfé\fm

G ¢N G N
£, £, and differential forms Q, , Q% b

fgn(xh...,xn, Zf ST, ) A

r>1
ff]\fn(zlv"wzna Zf Z]_7..., n) a”
r>1
an(xh v ’xn;a) = fgn(xlv‘ e 7xn;a) dxl o d{I?n = ngcvn,r(xlv‘ e 7xn)ar
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an(zh Cey Zpy ) = fgjn(zh ceyZny) dzy e dzy, = ngn,r(zl, ey zp)al
r>1

fgcfn(xl,...,xn;ﬁ) = Z gci;f(xh.”’xn) ﬂt7

t
fgI\fn(Zl’"'7zn;/8) :Zfé\,fht(’z:l?"'?Zn) ﬂt'
t

Finally, for (g,n) # (0, 1), define the differential form
Qon(B) = D_ wi "
t

For (g,n) # (0,1), we have taken advantage of Proposition 10.6 to simply

write w? which can be written in terms of the z; or z;; €, then behaves

gm
similarly.
We can regard f§,, and fJY, as families of functions (CP')" — CP', parametrized
by a € CP'. Similarly, we can regard QF, and QJ, as families of sections of
(T*CP")®" | parametrized by «, and Q,,, as a family of sections parametrized by

B. Setting v = 1 or § = 1 recovers the unrefined generating functions f&,, f2,,

and differential forms wg’, , W, .
While we know that each f&, ., fN, , w&  and w), . is meromorphic, we
do not yet know that 5, fiY,,, Q5 or QY are meromorphic, as they are defined

by infinite sums. (We will see this later in Proposition 10.12.) On the other hand,
because of the bounds on ¢, namely 0 < ¢ < 2g 4+ n — 1, each sum over ¢ is a finite
sum, immediately giving us the following.

Proposition 10.8. Let g > 0 and n > 1. The functions fgn(xl,...,:cn;ﬁ) and

féYn(zl, ..., Zn; B) are meromorphic, and for each B € C, Qg (8) is a meromorphic
form. a

Using our calculations from Sec. 10.2, we can calculate small cases of these
functions and forms.

Proposition 10.9. The functions fgl, 6\7[1, focfh £, and differential forms le,
Qé\fl are given as follows:

1 —/2? — 4o

2

1 — 2} — 4o

B dxl

f(?,l(xha) = 50 le(xl;a) =

o s0 Qé\fl(zl;a) =z tady

for(z130) = 21
£ (21:8) = =1

fé\fl(zl;ﬂ) = zfl.
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Proof. All the claimed expressions except fgl(xl; «) consist of sums with a single
term, obtained immediately from Proposition 10.2. We compute fo 1(21; «):

(o]
f6a(@ia) = ) Gopmer (2m)ay > lamH

m=0

= al/2 37 Goy(2m) (w1072 2L = V2 £ (210712,

m=0

Since focfl (v) = 2==F—= V2z2_4 (Lemma 8.2), we obtain the desired result. m|

We obtain fé\fm fé\fg immediately from Propositions 10.3 and 10.4; multiplying
by dz; gives the corresponding {2 2, o 3.

Proposition 10.10. The generating functions fé\fm fé\f3 are given as follows:
1
, 8

(1 — 2122)2 Z1292

£y (21, 22; B) =

2(z1 + 29 4+ 23 + 212223) (1 + 2122 + 2223 + 2321)
(1—2§)2(1 — 23)2(1 — 23)?

14+ 4z129 + 22 4 22 + 2222
+6<Z 122 1 2 172

(1= 21)*(1 = 23)%2s

foJY3(21,Z2,Z3§5) =

cyc

1+ 16222222 + 232825 + > eye 23

— 42222 + 2tz — 4212222

2
O e 2P0 - 2R )

O

In the proof of Proposition 10.9, we found an expression for foc’: 1(x1; @) by rewrit-
ing the sum as one involving f§ (z1a~'/2). We can use a similar trick in general
to write each f in terms of an f.

Proposition 10.11. For any g >0 andn > 1,

N 2-2g— L N 1/2 1/2
fgn(21,- o znya) = o™ 72 (2100 12zl ;)
G . 2—2g— 3 oG —1/2 —1/2.
fon(T1, o znia) = 97 2 £ (110 12 aaa Y ;)
Note that the “usual” inputs to féYn are (21,...,2n;0); we are saying that if
. . — _n
we replace each z; with z;/2, and 8 with «, then up to a factor of a?729- % we
recover fé\jn (21, .., 2zn; ). Similarly, if we substitute z; with zia /2 and 3 with «
G G
in £, then we can recover f,,.

Thus, generating functions with respect to the number of regions r, and the
variable «, can be recovered from generating functions with respect to the parameter
t, and the variable 3.
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Proof. We compute

_og—n
C¥2 29— 2fN (z1a1/2 .,znal/Q;a) :a2 29— %

XD N ) (210 ) (a2 !

t,V1,e 5 Un
-1 — _2g—nylsn A
= E N I O T T B e gtz 2 (vi-1)
t,ve,..
N .
:fgﬂl(Zl,...,Zn,Ol).

Here, we used r = ¢t — (2 —2g — n) — $ 31" | ;. The computation for the second
equality is similar. O

Since f (21, ..., 2n; 0) and fG (1, ..., xy; ) is meromorphic, the above propo-
sition 1mmed1ately yields the followmg.

Proposition 10.12. The functions fgn(acl, coTpy ) and fé\fn(zl, ceyZnyQ) are
locally meromorphic, and for each o € C, an(acl, s T ) and Qg{n(zl, ey Zn; Q)
are locally meromorphic differential forms. |

10.6. Refined differential equations

We now return to the attempt to find differential equations satisfied by the
generating functions fy,(z1,...,2,), which we left off in Sec. 8.6, and prove
Proposition 1.17.

Recall in Sec. 8.6 that we took the recursion on Gy (b1, ..., b, ), multiplied by
xl_bl_l -z =1 and summed over all b; > 1 and by, ...,b, > 0. After suitable
manipulation of the three terms I, II, I1I on the right-hand side, we arrived at
Lemma 8.6. The problem was dealing with the terms on the left-hand side with
b1 =0.

To this end, we start again, refining the process by regions. So, we start from
the recursion, on Gy, rather than Gy ., applying Theorem 1.11. Multiplying that
recursion by xl_bl_l R
0, we obtain

Z Ggn(bi,...,by) acfbl*l . ~J;;b"_1ar =1, +1I,+1I1,,

a” and summing over » > 1, by > 0 and bs, ..., b, >

by >1
b2,...,b, >0
r>1
where the left-hand side is “almost” fgn(xl, .oy ;) (except for terms with by =
0), and
E —b1— —bp—1
fo = Z Gg 1n+1r(7/ ],bz,...,b) 1 xn n ar7
b1>1 1,70
ba,...,bn, >0 i+j=b1 —2
er
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o= Y S Gynoa(by + bk — 2o, bps o by eyt el

n
b1>1 k=2

ba,...,b,>0
r>1

I D S s

b1>1 g1t+92=9 4,720
yeenybn, >0 11U12:{2,...,n} i+j=b;1—2
r>1

)

b2

. . 7b171 —bn—l T
X E Gg1,|11|+1,r1(l7bfl)ng,|12|+1,T2(.]7bIQ)xl Ty .
ri,ra>1
r1+ro=1

Proof of Proposition 1.17. The computations of Sec. 8.6 work equally here to
simplify terms I, II,I1I,. The only difference is that a factor of a” is carried

throughout; and in 171, we have " = "2, so we obtain a similar factorisation.
We obtain

—1¢G
I, =z fgfl,nJrl(xl’xl?x?’ RRERCE Ol)

IIa = -1 v a N y
" kzzz Oxy, x) — T1 (fgn—1(z2: .-, Tni @)

_fgnfl(lj)l?)"'aa)"~7xn;a))

_ -1 G . G .
I, = Ty E fgl,\ll\—o—l(xhxfua) f92,‘12‘+1(x17xl27a)'
91+92=g
I1I_II2:{2,...,n}

For the rest of this section, we simply write f4 , rather than fgn to avoid clutter;

we will not be writing fgf n» 50 there will be no ambiguity. If we examine fg ,, we
find

b —1 b —
fon(T1,. ., Tn;) = Z Gonr(by . by) a g bnm gr
b1y by >0

r>1

=I+1l,+111,+1V,,

where IV, is the sum arising from terms with b; = 0:

—1,.—b—1 —bp—1 . r
IV& - Z Gg,n,r(O,bQ,.-.,bn)xl Ty 1 ez, n a’.
b2,...,bn >0
r>1

Applying Proposition 9.4 to IV, we obtain

—1_—by—1 —bp—1 1
1V, = E r Ggn_1,r(ba, ... bp) &y xg 2 - «
b2,~~~7bn20
r>1

1750012-99



N. Do, M. A. Koyama & D. V. Mathews

d
-1 —by—1 —bp—1 .1
=] a— E Gyn—t1r(ba, ..., bp) 25 v, e

=x; a%fg,n_l(xQ, e T Q).

Putting I, through IV, all together yields the desired differential equation.
O

10.7. Differential equation in free energies, and quantum curve?

We now integrate the differential equation of Proposition 1.17 to obtain a differen-
tial equation on a free energy. We obtained free energies by integrating the form
w;’n; it is this form, rather than wg , ,, which was natural. Similarly, it is the fgcfn
and £V which produce the natural differential form €, ,,. However, as we have

U
seen, i nice recursion can be obtained on Gy, and from it we have derived a
differential equation for fgn. If we integrate this function, we obtain another set
of “free energies” which obey a differential equation. In this, we follow Mulase—
Sulkowski [29].
We therefore define §gn(z1,. .., Tn;a) to be a free energy if
o"g

G :
O - Om. fon(T1s. s Tn; ).
n

Proof of Theorem 1.18. Integrate both sides of the equation in Proposition 1.17
with respect to xa, ..., x,. From f,,(z1,...,Tn; ), we obtain %S(xl, e T Q);
and similarly, we obtain the desired terms on the right-hand side. O

We now assemble the ingredients for a partition function.

Definition 10.13. For integers m > 0, define
1 N
S () =2 z:l asg,n(x,...,x), F= z:oh 1S, (z) and Z=eF.
gtn—1=m m=

Here, & is a formal parameter and we regard these as formal Laurent series. We
refer to F as a logarithmic partition function, and Z as the partition function.

Lemma 10.14. For each m > 0,

0 028, a5, 05y oS,
Togom Z ox Ox ta oo

1= &7 5
oz~ ™t 0x?
at+b=m-+1

Proof. This proof follows the method of [29, Appendix A]. We drop a from
Sgm(z1,...,2n;a) for convenience. From Theorem 1.18, set 1 = -+ = z, = z,
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multiply by ﬁ, and sum over all g,n such that 2g + n — 2 = m. Taking the
terms of the equation separately, we first have

1 0
> w5 e, w)

2g+n—2=m (Tl — 1) (9331 T1,...,Tn
0 1 0
=r— Z —Fon(z, ... ;x) =2=—Sn+1.
19 ’ ’
ox sgto o ™ ox

Here, we used the general fact that, for a symmetric function f of n variables,

d 0
%f(t,,t) —n% (U,t,...,t)

u=t

Doing the same for the first term on the right-hand side, we obtain

Z #8—23 (U, v, 0, X))
s S (n—1)!0uov" 9" u=v=rs==x,
— 29+nz_:22m ﬁ%&]l’nﬂ(m Vy Ty, T) L
Turning to the second term on the right-hand side yields
29+§:m (n_l ol é o ixl (aixk&,n—l(xz, Ty
_ a%ggm_l(xl,...,@,...,xn)) o
- 2g+nz—2:m ﬁ 1:2 %Sg,n—l(x, T2ee s Thy o Tn) To=r=Tp="=Tp=2
- 2g+r;2:m ﬁ 1:2 88—;39’”71(% re ) e
= 29+;:m ﬁ;—;&g,nl(m Zy...,T) s’

In the second line, we used the general fact that for functions f and g,

(s o D)

=g'@)f'(x) + g(z) f" ().

T — dx dy
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Now adding the first and second terms on the right-hand side gives

1 o
Z Y gg,l,n+1(u,v,x,...,x)

2g4+n—2=m (TL - 1)' m v
1 02
+ mw&q,n—l(% Xy.o.. ) .
Lo 928

Here, we have used the general fact that, for a symmetric function f of n variables,
d2
pTE] flt, ...t

82 82
=N—F t,...,1 —1)=—
n8u2 f(uv 9 ) ) et + n(n )8U1 au2
For the final term, we find

1
2. oD

2g+n—2=m

f(ulau27t7"‘7t)

U1=u =t

0 9
X Z 8—m3917|11\+1($1,wll)a—mggQ,\Ig|+1($17x[2)

g1+g92=g
11|_|12:{2,...,TL}

1 n—1\ 0
2 (n—1)! 2 <n1>8—xl§gl’nl+1

2g+n—2=m g1+92=9
ni+ns=n—1

L1=+=Tp==I

0

X (xl,x,...,x)a—mggz,nzﬂ(xl,x,...,x)

1 0
Z Z n_lla—xlggl,nﬂrl

2g+n—2=m gi1+g2=g
ni+ns=n—1

Tr1=x

1 0

3 — N ...
X (231 Ty 71‘)712' 8—1'1392 n2+1(1’1,1’, ,1‘)

1 0
Z ( Z m%ggl,nl+l(an,x)>

a+b=m+1 \2g1+n1—2=a—2

1 0
) Z 77 Sgemat1(T, ., T)
| g2,n2
292 +mo=2=b—2 (n2 + ].) ox

s 0505
Ox Ox
a+b=m-+1

Adding together all the terms then gives the desired result. |
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Next, we find a differential equation satisfied by the logarithmic partition
function F.

Proposition 10.15. The function F satisfies

2 2

Proof. Take Lemma 10.14, multiply by A™*! and sum over m > 0. The left-hand
side becomes

ad aSm+1 m+1 o aF aSO

m=0

The first term on the right-hand side becomes

= 028, O°F
m—+1 m — 27 &
Z i Ox? i ox?”

m=0

The second term yields

> mi108. 08, .08, 08,
2 D M e = X M

m=0 a+b=m+1 a+b>1
(=050 (<=, 08, 8So\*> ., (OF\* [0S,\"
_<(LZ_Oh 8x><§h 833) <8x) = Oz or )

The final term gives

00 - F
Z hmﬂaai = hzoza—.
ot Ja Ja
Summing the terms and rearranging, then gives
O2F oF\? OF OF 8 850\’
20 2 (Y% 2 Yt YT Yoo [ YX0 _
h8x2+h (836) —|—ﬁo¢aa xﬁax—i—xax <8x) 0.

It remains to compute the Sy terms. Now Sy(x) = §o,1(z), which is an integral of

fg*:l(xl, ..., Tp; ). Using Proposition 10.9,
850 xr— v J?2 — 4o (950 850 2
%:fg’:l(x;a): ——y > 0 that s\ ) =@

giving the desired result. |

Finally, we obtain a differential equation satisfied by the partition function Z.
This is reminiscent of the “quantum curve” that appears in the general theory of
the topological recursion [29, 30].

Proof of Theorem 1.19. Since Z = e¥, we have g—f = g—gz, SO gQT% =
(?;TI; + (g—”;)?)z. Also ‘g—g = g—gz. Substituting these into Proposition 10.15 gives
the claimed result. O
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