ON GEOMETRIC TRIANGULATIONS OF DOUBLE TWIST KNOTS
DIONNE IBARRA, DANIEL V. MATHEWS, AND JESSICA S. PURCELL

ABSTRACT. In this paper we construct two different explicit triangulations of the family of
double twist knots K (p, q) using methods of triangulating Dehn fillings, with layered solid
tori and their double covers. One construction yields the canonical triangulation, and one
yields a triangulation that we conjecture is minimal. We prove that both are geometric,
meaning they are built of positively oriented convex hyperbolic tetrahedra. We use the
conjecturally minimal triangulation to present eight equations cutting out the A-polynomial
of these knots.

1. INTRODUCTION

Triangulations of 3-manifolds are of fundamental importance in low-dimensional topology:
They have contributed to progress in algorithmic topology [4,7,16], hyperbolic geometry [26,
29, 32], representation theory [13], and quantum topology [9,33]. However, there remain
many open questions about 3-manifold triangulations. For example, considering only ideal
triangulations of hyperbolic 3-manifolds, it is still difficult to determine when a triangulation
is minimal, i.e. using as few tetrahedra as possible; see [20,21]. It is an open conjecture
that a cusped hyperbolic 3-manifold has a triangulation that is convex with respect to
the hyperbolic metric, that is, geometric; see [18,34]. There is a canonical decomposition
into ideal polyhedra, but it remains difficult to relate its properties to the topology of the
manifold, and difficult to determine when this is a triangulation; see [29].

This paper considers minimal, geometric, and canonical triangulations. We consider a
simple family of 3-manifolds that has been well-studied: the double twist knots. General
double twist knots K (p,q) are 2-bridge knots that have exactly two twist regions, and we
define these to contain 2p and 2¢ negative crossings, respectively. Thus the knot K(p, q) is
obtained from the complement of the Borromean rings by performing —1/p Dehn filling on
one link component, and —1/¢g Dehn filling on the other, as in Figure 1.1.
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FIGURE 1.1. Left: K(2,2). Right: The double twist knot K (p, q) is
obtained by Dehn filling the Borromean rings.
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Double twist knots are 2-bridge knots. Therefore they have a well known triangulation,
the Sakuma—Weeks triangulation [29], which is known to be canonical [1,14]. However,
that triangulation is very far from minimal. In this paper, we present a new triangulation
of the double twist knots, Tx(p,q), which uses fewer tetrahedra. These triangulations are
constructed via triangulations of Dehn fillings, using layered solid tori. We prove that they
are geometric.

Theorem 4.1. For every p,q > 2, the ideal triangulation Tk q) of the complement of
K(p,q) constructed in Section 3.2 is geometric.

In fact, it follows from work of Ham and Purcell [18] that eventually, when both p and ¢
are sufficiently large, triangulations Tg(,4) must be geometric. However, that result is not
effective, so values of p and ¢ that ensure a geometric triangulation cannot be determined
from that paper. Theorem 4.1 shows they are, in fact, always geometric.

We conjecture they are minimal.

Conjecture 1.1. For p,q > 2, the ideal triangulations Ti(p,q) of the complement of K(p,q)
constructed in Section 3.2 realise the triangulation complexity for this 3-manifold. That is,
these ideal triangulations give the minimal number of tetrahedra required to triangulate the
K(p,q) knot complement.

Evidence for this conjecture comes from SnapPy: Knots K(2,2), K(2,3), K(2,4), K(3,3)
and K (3,4) all appear in the SnapPy census, with names s648, v2284, t05803, t07682, and
0920397, respectively. By construction, the number of tetrahedra for a manifold in the
census is minimal over all triangulations of that manifold. The numbers of tetrahedra in the
census agree with the numbers of tetrahedra in our triangulations. For larger p and ¢, there
are too many tetrahedra for the triangulation to appear in the census. However, for higher
p, q the triangulation is obtained by adjusting a layered solid torus in a Dehn filled manifold.
It is conjectured that performing this move on a minimal triangulation yields a new minimal
triangulation; see for example Thompson [31].

A similar conjecture for twist knots appears in [2]. If we adjust our triangulation by
folding one cusp (as in the construction of Section 3.3 for p = 2), and performing the
triangulated Dehn filling on the other as described in the construction of Section 3.2, we
obtain a triangulation of twist knot complements with the same number of tetrahedra as in
that paper.

1.1. Relation to canonical triangulation. Our conjectured minimal triangulation is con-
structed by taking a Dehn filling of a triangulation of the Borromean rings complement. The
canonical triangulation can also be seen as a triangulated Dehn filling. We also work through
this construction in Section 3.3, from the Dehn filling perspective. This is similar to work
done in Ham and Purcell [18], but here we provide more details, including tetrahedron la-
bels, to make it easier to compute with this triangulation. One goal of writing this paper is
to present the triangulations with sufficient detail to ensure ease of applicability for further
applications.

1.2. Application: deformation variety equations. Finally, we conclude the paper with
an application to computing deformation varieties and A-polynomials for double twist knots.
Thurston showed that a hyperbolic 3-manifold with a torus boundary component has a space
of deformations through incomplete hyperbolic structures that is 2-real (or 1-complex) di-
mensional. Such a structure gives rise to a representation of the fundamental group into
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PSL(2,C), leading to studies of character varieties, or varieties of representations of the
fundamental group in to SL(2,C) [8]. The two degrees of freedom can be encoded by
variables representing curves on the boundary torus. This leads to the definition of the
A-polynomial [6], which can be viewed as a parameterisation of the space of incomplete
hyperbolic structures of a knot complement. The PSL-A-polynomial can be computed via
representations of fundamental groups into PSL(2,C) as in [3]. A similar picture can be
obtained using triangulations rather than group representations. The space of all hyperbolic
structures satisfying triangulation gluing equations is called the deformation variety (also
called the shape variety or the gluing variety) of the 3-manifold. Gluing and cusp equa-
tions give a PSL-A-polynomial that is closely related to the original A-polynomial defined
by representation theory; see Champanerkar [5].

This paper considers deformation varieties and A-polynomials for double twist knots. We
focus on these knots because of a relationship with the AJ Conjecture, which conjectures
that a quantised version of the A-polynomial annihilates the coloured Jones polynomial [12].
While the AJ Conjecture has been proved for most 2-bridge knots [24], it remains open
for the family of double twist knots K (p,p). The A-polynomials of these knots have been
considered from the representation perspective. Petersen found functions cutting out the
A-polynomial of K(p,p) in terms of p [27]. In this paper, we find a parametrisation using
triangulations, for more general p and q.

Corollary 5.32. For p,q > 3, eight equations define the PSL-A-polynomial of the double
twist knot K(p, q), including six Ptolemy equations and two “Tail” equations.

The Ptolemy equations produced in Corollary 5.32 are relatively simple, with low degree
in the variables. The two Tail equations are more complicated, arising from Dehn fillings,
which makes it challenging to reduce the equations further, particularly when p and ¢ are
large. However, all equations have the advantage that they are explicit, rather than defined
recursively.

1.3. Acknowledgements. This research was partially supported by the Australian Re-
search Council, grant DP210103136. Ibarra and Purcell were also supported by ARC
DP240102350. The colour pallette was chosen to be accessible.

2. TRIANGULATION OF THE BORROMEAN RINGS COMPLEMENT

Throughout this paper we will be considering triangulations of knot and link complements.
We begin with the Borromean rings I3, shown on the right of Figure 1.1. Thurston proved that
S3 — B decomposes into the union of two ideal octahedra [32]. We use here the decomposition
described, for example in [23, Appendix]; see also [28, Chapter 7).

The diagram of the Borromean rings B on the left of Figure 2.1 consists of two crossing
circles bounding (shaded) discs meeting the plane of projection transversely at right angles,
and a knot strand lying within the plane of projection. Slice along the projection plane,
cutting the link complement into two identical halves. The shaded discs bounded by crossing
circles have been cut in half; slice each shaded half-disc open up the middle like pita bread,
and flatten onto the plane of projection. Then collapse the remnants of the link diagram to
single ideal points. This gives two ideal octahedra, one of which is shown in Figure 2.1b.

2.1. Borromean rings: 8 tetrahedra. A triangulation of the complement of the Bor-
romean rings S® — B is obtained by subdividing each octahedron into four tetrahedra. The
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Wz

(A) Borromean rings with  (B) Labeled octahedron with  (¢) Labelled triangulated
shaded discs. shaded faces. truncated octahedron.

FiGURE 2.1. Constructing the cusp neighbourhood.

A ] 012 | 013 | 023 | 123
AT =01 3(013) [ 1(012) [ 1(013) [ 5(132)
Al =110(013) [ 0(023) | 2(021) | 4(132)
Al =211(032) [ 3(023) | 3(021) | 6(321)
Al =312(032) [ 0(012) [ 2(013) | 7(132)
A? =41 7(013) [ 5(012) | 5(013) | 1(132)
A2 =51 4(013) | 4(023) | 6(021) | 0(132)
AZ=615(032) | 7(023) | 7(021) | 2(321)
Al =T716(032) [ 4(012) [ 6(013) | 3(132)

TABLE 2.2. Eight-tetrahedron triangulation of the Borromean rings
complement.

face pairing information of the triangulation is given in Table 2.2, in the format of Regina [4].
It was obtained by dropping an edge from one ideal vertex corresponding to a cusp in the
knot strand to an opposite ideal vertex, also in the knot strand, and then stellating. This
subdivides truncated ideal vertices as shown in Figure 2.1c.

Under this triangulation, the three cusps of the Borromean rings inherit the cusp trian-
gulation shown in Figure 2.3.

We will eventually wish to Dehn fill, replacing each crossing circle cusp with a solid torus.
Removing the cusp can be achieved for one of the crossing circles by removing all four
tetrahedra meeting the corresponding cusp. These four tetrahedra glue to form a region
T2 x [0,00), with 7% x {0} containing two ideal points, forming a 2-punctured torus. Thus
when we remove the tetrahedra, the cusp is removed, leaving only the 2-punctured torus
boundary T? x {0}. We will (eventually) glue in a triangulated solid torus with a matching
2-punctured torus boundary; this will be described in Section 3.

Meanwhile, if we remove tetrahedra corresponding to both crossing circles of Figure 1.1,
then we will be removing all eight tetrahedra, leaving only the 2-punctured tori boundary.
These glue as shown in Figure 2.4. That is, there is a reflection in each square along a
diagonal as illustrated in that figure; this is also described in [18, Lemma 6.2]. We will need
this information to attach solid tori correctly.
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(A) Two cusp neighborhoods (B) Labeled and triangulated knot strand cusp
to be filled. neighborhood.

FiGure 2.3. Cusp neighbourhoods of the Borromean rings, 8-tetrahedron
triangulation.

A N7

F1GURE 2.4. Gluing the crossing circle cusps of the Borromean rings.

2.2. Borromean rings: 10 tetrahedra. To obtain a construction of the complement of
K(p, q¢) with smaller numbers of tetrahedra for large p, g, we start with a different triangula-
tion of the Borromean rings complement S* — B. Each crossing circle cusp from the construc-
tion of Section 2.1 is triangulated by four tetrahedra with boundary forming a 2-punctured
torus. Replace these four tetrahedra by five tetrahedra as follows. Remove the four tetra-
hedra. Attach a triangulated prism: this is a thickened triangle, of the form Triangle x I,
with two of the faces Edge x I triangulated to match the faces of the 2-punctured torus, and
the third Edge x I triangulated with an opposite diagonal, as in Figure 2.5 (A). This prism
can be subdivided into three ideal tetrahedra. The third side Edge x I of the prism is now
facing the cusp, and identifications on its edges glue it into a 1-punctured torus. To obtain
the Borromean rings complement, attach to that two tetrahedra running into the cusp, with
their bases shown as in Figure 2.5 (B). Note this is the triangulation of [18, Proposition 2.4].

When both crossing circle cusps are replaced by a triangulated prism capped off by two
tetrahedra, the cusps are as shown in Figure 2.5, and the triangulation is given in Regina
notation in Table 2.6. The new triangulation of the remaining knot strand cusp neighbour-
hood is illustrated in Figure 2.7. Note the two shaded hexagon regions: The edge at the
centre of the hexagon runs to a crossing circle cusp.

We explain notation. There are two edges of the triangulation that are disjoint from the
hexagons, labelled Ey and F; in Figure 2.7. If we remove the two tetrahedra “caps” of
Figure 2.5 (B) and (D), we obtain a triangulation with boundary two 1-punctured tori, cor-
responding to the two crossing circle cusps. This removes the shaded triangles of Figure 2.7.

Each 1-punctured torus has an initial triangulation with edges corresponding to the slopes
to = 1/0, \g = 0/1, and §y = —1/1, where pg is a meridian of the crossing circle, equal to
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1 4
0 1 3 0 1 3
1 O 3 1 1 3 3 1 2 3 1 1 4 3 3 1
2 3 1 2 1 1
7 9
2 2 0 2 6 2 5 3 3 2 8 2
3 1 2 0 2 3 3 1 3 0 2 3
3 1 0 3 1 0
2 5

(A) Prism 1 replacing (B) Two tetrahedra (c) Prism 2 replacing (D) Two tetrahedra
tetrahedra from the first  glued on top of tetrahedra from the glued on top of
crossing circle. prism 1. second crossing circle. prism 2.

FIGURE 2.5. Replacing four tetrahedra per crossing circle. Here, the
boldface numbers index the ideal tetrahedra.

A || 012 | 013 | 023 | 123
Ao = 0][2(021) [ 1(201) | 3(130) [ 5(213)
Ay =1]0(130) | 2(310) | 7(321) [ 4(213)
A, =21][0(021) | 1(310) | 6(312) | 3(321)
Az =3[ 4(210) | 0(302) | 5(021) [ 2(321)
A, =4]3(210) | 5(310) | 9(321) [ 1(213)
As; =5 || 3(032) | 4(310) [ 8(312) | 0(213)

6 [/ 7(012) [ 7(032) [ 7(031) | 2(230)

7 ]| 6(012) | 6(032) [ 6(031) | 1(320)

8 ][ 9(012) [ 9(032) [ 9(031) | 5(230)

9 [/ 8(012) [ 8(032) | 8(031) | 4(320)

TABLE 2.6. 10-tetrahedron triangulation of the Borromean rings
complement. The labels A,, are used in Section 4.

the intersection of a neighbourhood of the crossing circle with the projection plane, \j is a
homological longitude, equal to the intersection of the shaded disc in Figure 2.1(A), and dy
is a diagonal with negative slope. In the first 1-punctured torus, the slope 1/0 is identified
to an edge of the triangulation of the Borromean rings complement that we label Of. The
slope —1/1 is identified to an edge labelled Of, and the slope 0/1 to an edge labeled P!.
Here the superscripts indicate the crossing circle cusp. Similarly on the second 1-punctured
torus, the slope 1/0 is identified to the edge O3, the slope —1/1 to edge 0%, and slope 0/1
to P2

3. DEHN FILLING

Consider a complement of a link in S®, M = S®—L, let K be an unknotted link component
of L, and let 1 and A be the standard meridian and homological longitude of the tubular
neighbourhood of K. Then the result of Dehn filling K along any slope of the form p + nA
for n € Z yields a complement of a link in S3. The slope may also be written as 1/n.
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FiGurE 2.7. Cusp neighbourhood with chosen meridian and longitude. The
shaded triangles correspond to the four tetrahedra that have three ideal
vertices in the knot strand cusp, and their fourth vertex in a crossing circle.
Such tetrahedra form two hexagons, one for each crossing circle.

3.1. Layered solid tori. A layered solid torus is a triangulated solid torus whose boundary
is a triangulated 1-punctured torus, triangulated by two ideal triangles; see [22]. It can
be built from the outside in using the Farey graph, which encodes all triangulations of
I-punctured tori; see [15]. We review the construction briefly.

The Farey triangulation is visualised by viewing H? in the disc model with points QU{1/0}
labeled on 9., H?. We place the antipodal pairs {0/1,1/0} and {1/1,—1/1} in O,,H? on a
horizontal and vertical line through the centre of the disc, respectively. See Figure 3.1 for
an illustration. An edge of the Farey triangulation is an ideal geodesic drawn between each
pair of points a/b,c/d € QU {1/0} C 0, H? whenever |ab — bc| = 1.

On the torus, points of QU{1/0} represent slopes. For a 1-punctured torus, we require all
slopes to meet the puncture point. Then triangles of the Farey triangulation correspond to
triangulations of the 1-punctured torus, since two slopes with |ad — bc| = 1 have geometric
intersection number equal to one. A step in the Farey graph from one triangle T; to an
adjacent triangle T}, corresponds to changing the 1-punctured torus triangulation: Remove
the slope represented by the vertex of T; that is not incident with the shared edge between
T; and T}, and replace it by the slope represented by the new vertex of T;,;. The result is
a diagonal exchange.

In three dimensions, switching slopes can be obtained by layering on a tetrahedron: a
step in the Farey graph corresponds to placing a tetrahedron onto the triangulated torus
such that the bottom two faces are covered by the tetrahedron, and the top two faces have
swapped the edge.
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Ficure 3.1. Example of a walk through the Farey graph to construct a
layered solid torus with Dehn filling slope —1/4.

When we Dehn fill, we start with a 3-dimensional triangulation with boundary a 1-
punctured torus, and some initial 2-dimensional triangulation on this boundary. The slope
of the Dehn filling s will be some distance from this initial triangulation in the Farey tri-
angulation. Starting at the centre of the initial triangulation in H?, take a geodesic path
through the Farey triangulation to the nearest triangle with one of the slopes the desired
slope to be filled. Each time this geodesic passes out of one Farey triangle into another, the
triangulation changes, and this is realised by layering on a tetrahedron for all but the very
last triangle. Before stepping into the final triangle of the Farey graph, the desired meridian
forms the diagonal that would be exchanged if we added one more tetrahedron. Instead of
adding this tetrahedron, fold to identify the two triangles. This makes the desired meridian
homotopically trivial; see, for example, [18, Section 3].

3.2. Construction of (conjecturally) minimal triangulation. We will now construct
explicitly a triangulation of K(p,q), for p,q > 2, denoted by Tk, and prove that it is
geometric.

Starting with the 10-tetrahedra triangulation of the Borromean rings complement of Sec-
tion 2.2, fix one of the crossing circle cusps and remove the two tetrahedra meeting that
cusp, leaving a triangulation with a boundary component consisting of a 1-punctured torus.

By construction, the slopes on the boundary are the standard meridian 1/0, the homo-
logical longitude 0/1, and the slope —1/1. Thus to attach a layered solid torus to the first
crossing circle cusp, along slope —1/p, we follow the procedure:

(1) If p > 2, start in the triangle in the Farey triangulation with vertices 1/0, —1/1, 0/1
and step into the Farey triangle with vertices —1/1, —1/2, 0/1. Layer a tetrahedron
Al onto the 1-punctured torus boundary corresponding to the first crossing circle.
The edges of A} are glued to the edge O} corresponding to slope 1/0, the edge O}
corresponding to slope —1/1, and P! corresponding to 0/1. The edge O} is covered,
and a new edge O3 is produced.

(2) Proceed through the Farey triangulation through triangles with vertices —1/(j — 1),
—1/7, 0/1. At each step add a tetrahedron A;_Q with edges corresponding to the
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(A) layering. (B) Folding.

FIGURE 3.2. Layering in the 1-punctured torus.

previous and current Farey triangle. The edge (9;72 will be covered, the edge (’)}
produced, and the other edges of the tetrahedra will be glued to (931»_1 and P

(3) Repeat until reaching the Farey triangle with slopes —1/(p — 2), —1/(p — 1), 0/1.
The final tetrahedron is A})_3 (since the edge (911,_3 is covered when it is attached).

(4) Fold along the edge O}, of the boundary triangle associated to the slope —1/(p—2).
As a result, the diagonal slope —1/p will become homotopically trivial, yielding the
appropriate Dehn filling. Note that because of the folding, the edge (911)_1 is identified
with P!

In the cusp triangulation shown in Figure 2.7, which corresponds to the knot strand cusp
that is not filled, this will remove one of the shaded hexagons and replace it by a hexagon
corresponding to the ideal point of the newly attached layered solid torus. Figure 3.2 (A)
shows how the hexagon changes when layering in the first two tetrahedra. Figure 3.2 (B)
shows the effect of folding after layering in those two tetrahedra; this corresponds to Dehn
filling slope —1/4.

Repeat for the second crossing circle. The process attaches tetrahedra A2 ... »Ag—m and
introduces edges O3, ..., 07 _,. The result is the triangulation of the Dehn filling T (p.q)-

Figure 3.3 shows an example for p = 3 and ¢ = 3. We layer one tetrahedron per crossing
circle, then fold. The resulting triangulation is shown in the figure.

3.3. Construction of canonical triangulation. We now construct a different triangu-
lation of the double twist knots. This construction yields the canonical triangulation, also
known as the Sakuma—Weeks triangulation [29]. The fact that the Sakuma—Weeks triangula-
tion is canonical follows from work of Guéritaud and Futer [14, Appendix AJ; see also [1]. Our
construction is described differently, via Dehn filling the Borromean rings, triangulated as
in Section 2.1. Ham has recently shown that all 3-manifolds obtained by more general Dehn
filling this triangulation of the Borromean rings complement are canonical [17]; ours is an
instance of her construction. Since the canonical triangulation is unique, these triangulations
must agree.

Start with the 8-tetrahedra triangulation of the Borromean rings complement of Sec-
tion 2.1, and remove four tetrahedra corresponding to one of the crossing circle cusps. Recall
this gives a manifold with boundary a 2-punctured torus.

Consider the slope —1/p = p — pA on the twice punctured torus where p and A are the
meridian and homological longitude. Consider the lift of the twice punctured torus to the
infinite cover R?, where the punctures are located at the integral points Z? C R2. In this
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FIGURE 3.3. Triangulation of S* — K33 with meridian and longitude.

cover, f lifts to the line segment from (0,0) to (0,1), and A lifts to the line segment from

(0,0) to (2,0). Then the slope u — pA lifts to an arc with end points at (0,0) and (—2p, 1).

Furthermore, the lift of the slope —1/p will only meet the integral points Z? at its endpoints.
The solid torus that we glue in this setting is the double cover of a layered solid torus:

Lemma 3.1 (LST double cover). Let m = —1/p = —pu + p\ be a slope on a torus with
generators p, A and p ¢ {0,+1}. Construct a layered solid torus X by beginning in the Farey
triangle with vertices (1/0,0/1,—1/1) and step to the triangle with slope —1/2p. Then, the
double cover of X, denoted Y, satisfies the following properties.

(1) The boundary of Y is a 2-punctured torus that is triangulated by four ideal triangles.
The basis slope X\ lifts to run from (0,0) to (2,0) in R?, and projects to run twice
around the slope 0/1 in X . The slope u lifts to run from (0,0) to (0,1) in R2. Since
m is negative, the diagonals of the triangulation of Y have negative slope.

(2) The meridian of Y is the slope m = —u + pA.

Proof. This is [18, Lemma 7.1], with ¢ replaced by 1. O

Consider the knot strand cusp neighbourhood of the Borromean rings illustrated in Fig-
ure 2.3 (B). By removing the tetrahedra formed from the first crossing circle, we obtain a
manifold M with a twice-punctured torus as its boundary. By Lemma 3.1 we construct the
double cover Y] of a layered solid torus X;. To obtain meridian —1/p, construct X; by
starting in the Farey triangle with slopes (1/0,—1/1,0/1) and ending in the Farey triangle
(—1/(2p —2),—1/(2p — 1),0/1), and then folding. Take Y; to be the double cover. Repeat
the process for the second crossing circle and slope —1/¢ to obtain the double cover Y, of a
solid torus X5, and glue Y; and Y, to form a triangulation of the complement of the knot
K(p,q).

Two edges on the boundary of the solid torus Y; cover the slope 1/0 in the layered solid
torus X; of Lemma 3.1. These both glue to the same edge P? in the knot complement. The
two slopes of Y, projecting to 0/1 in X, also glue to P?. Slopes on Y, projecting to 1/0 in
X, and slopes on Y] projecting to 0/1 on X all glue to edge P! in the knot complement.
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Finally, the diagonal slopes on Y; glue to an edge O; 1, and diagonal slopes on Y5 glue to an
edge O, 5. Within the double cover Y; of the solid torus X;, ¢ = 1,2, there will be two edges
corresponding to slope —1/j for j = 1,...,p — 2 or ¢ — 2. In the knot complement, these
glue to distinct edges if j > 2. Denote them by (9;'-71 and (9;’2. Thus superscript indicates
cusp, and subscript indicates slope and edge of the double cover.

Because this is a double cover, each step in the Farey triangulation produces two tetrahe-
dra. Moreover, for slope —1/p, we must walk to —1/(2p) in the Farey triangulation. Thus
each step that produced only one tetrahedron in the previous construction produces four
tetrahedra in this one. ‘

We illustrate a few steps. The first layering of tetrahedra is shown in Figure 3.4, where (2);,
denotes the tetrahedron glued onto the edge Ofk in the j cusp, j = {1,2}. Tetrahedron

(0)] covers 0%71 and tetrahedron (0)} covers (9672. Both tetrahedra meet at edges O;; and

O; and produce new edges: Og’l and (’)%’2, respectively. Edges of each tetrahedron are
glued to the edge labelled P;.

L

(A) First layer. (B) First layering from the second crossing circle.

FIGURE 3.4. Layering in the 2-punctured torus.

The second layering is illustrated in Figure 3.5. For j = {1,2}, tetrahedron (1) is layered
over Of; and tetrahedron (1) is layered over Of ,. Both tetrahedra meet at edges O3 ; and

O3, and produce new edges: O3, and (932, respectively. Edges of the tetrahedra are glued
to the edge labelled P;.

(A) Second layer. (B) Second layering from the second crossing circle.

FiGURE 3.5. Layering in the twice-punctured torus.
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The layering pattern continues until tetrahedra (2p — 3)] and (2p — 3)}, are layered on,
each with an edge gluing to P;.

Once tetrahedra (2p —3)] and (2p — 3)} are layered on, fold the triangular faces of the
boundary torus along two of its edges to make the curve of slope —1/p homotopically trivial.
For cusp j € {1,2}, the triangular faces of the boundary torus are faces of tetrahedra
(2p — 3)] and (2p — 3)} with edges {O%p_u,(?gp_l,i,?j} for i = 1 or 2, respectively. We
fold across the edges ngd’l and (9%17*2,2. As a consequence, edges ng,l,l and Oépfm are
identified with edge P;. An illustration for p = 2 is given in Figure 3.6.

%

FIiGURE 3.6. Example of folding for p = 2.

4. GEOMETRIC TRIANGULATIONS

Now return to the triangulation 7T, q) of Section 3.2. In this section, we prove that Tx(p,q)
is geometric, meaning the tetrahedra in the construction inherit positively oriented convex
hyperbolic structures from the complete hyperbolic structure on the knot complement. The
main result is the following.

Theorem 4.1. For every p,q > 2, the ideal triangulation Tk q) of the complement of
K(p,q) constructed in Section 3.2 is geometric.

We prove this theorem using angle structures. For more background, see Futer and
Guéritaud [11].
We will require a labelled triangulation, in the following sense.

Definition 4.2. An oriented labelling of an ideal tetrahedron is a labelling of its four ideal
vertices with the numbers 0,1, 2,3, up to oriented homeomorphism preserving edges. The
opposite pairs of edges 01 and 23 are called a-edges, 02 and 13 b-edges, and 03 and 12 c-edges.
The orientation is such that, as viewed from outside of the tetrahedron, the three incident
edges around a vertex are an a-, b-, and c-edge and they are ordered anticlockwise.

A labelled triangulation of M is an oriented ideal triangulation of M, where

(1) M consists of ideal tetrahedra with a fixed chosen ordering Ay, ... Ay,
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(2) the edges are labelled with a fixed chosen ordering FE, ..., E,, and
(3) each tetrahedron is given an oriented labelling.

Now consider the space of angle structures &7 (7Tkp,q)) of the ideal triangulation Tx(p,q)-
For p,q > 2, a point o € & (Tkp,q) ) has the form

« :(a07507007<11751701> -+, as,bs, cs5,
ao,1, bo,h €1, 5, Ap—31, bp—3,1a Cp—3,1,
ao,2,b02,Co.2, "+ 5 Ag-32,04-32,C4-32)

where a, by, ¢, lie in (0,7) and sum to 7, and correspond to angles on edges of the same
tetrahedron, labelled to agree with Definition 4.2. The subscripts are as follows. Six of
the tetrahedra agree with tetrahedra O through 5 of Table 2.6, for the Borromean rings
complement. We label the angles corresponding to the j-th such tetrahedra by a;, b;, c;.
The tetrahedra A;, © = 1,2, of the construction of Section 3.2 have corresponding edges a; ;,
bj,i7 and Cji-

Any angle structure satisfies the edge gluing equations, given below, where the equations
are labelled by the corresponding edge. The edge equations for edges outside the layered
solid torus may be read off of Figure 2.7, and those within the layered solid torus may be
read off of Figure 3.2 or its generalisation for higher numbers of tetrahedra.

(4.3) Oé:2bg+a1+bl+a2+b2—|—b3+a4+a5+a071:27r,
(4.4) O @ by +by+bs+2co1 +ay, =2,
(4.5) Pt ey tes+2bgy o+ 2by 31 +a, 31 =27,
(4.6) Oi : Apo1+20k 11 +ap, =21 fork=2,...,p—3,
(4.7) O) 5 ¢ Gp_s1 + 20,31 = 2T,
(4.8) Ey : co+co+asz+cy = 2m,
(4.9) Ey o+ +as+cq =2,
(4.10) OF : ap+ay + ag + 2c3 + ay + by + a5 + bs + ag o = 2,
(4.11) OF : ag+by+by+2c00 +ar o =2m,
(4.12) P? iy +co+2bgg+ o+ 2b, 30+ a, 32 = 2,
(4.13) (’)32- D Qjoo+2¢j10+ajo =21 forj=2,...,q—3,
(4.14) 02y ¢ Gg-12+ 2¢4-32 = 27
When p = 2 and ¢ > 2, and (aq, by, co, - - - , a5, b5, C5, G0.2, 002, Co2s -+ 5 Ag—3.2,bg—32,Cq—32) €
o (T (2,9) satisfy Equations (4.8) through (4.14) and the following two equations:
(4.15) Of + 2bg 4+ ay + by + ag + by + by + ay + a5 = 2,
(4.16) OF : b3 + by +bs+cy +c5 = 2.
For p > 2 and ¢ = 2, a point (ao, by, o, - -+ , as, bs, ¢5, 01,001, Co1, "+ +Ap—31,bp—31,Cp—31) €

A (T (p,q)) satisfies Equations (4.3) through (4.9), and the following two equations:
(4.17) Of = ag+ay + ay + 23 + ag + by + as + by = 27,
(418) O% Ia0+b1+b2+01+02:2ﬂ'.
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For p =2 and ¢ = 2, (ag, by, co, - - - , a5, b5, ¢5) € A (Tk(2,2)) satisfies Equations (4.8), (4.9),
(4.15), (4.16), (4.17), and (4.18).
Lemma 4.19. For p,q > 2, the set o/ (T p,q)) is non-empty.

Proof. For small e >0and § > 0,1 <k <p—3,and 1 < j < q— 3, define a € & (Tg(p,q)
by:

g1 e(p—k—2)? a2 o(qg—j—2)°
bk,l = € ) bj,2 = Y )
Ch,1 m—e((p—Fk—2)*+1) Cj2 m—0((¢g—j—2)7+1)
CLO,l e(p— 2)2 a072 (5(q—2)2
bo1 | = [ 7/2—€elp—2)*/2], bo2 | = | /2 —48(qg—2)*/2 |,
o1 /2 —e(p—2)%/2 Co.2 /2 — (g —2)%/2
Qo %
by | = %—e(2p—5)+5(q2—6q+9)/2 ,
Co Z+e@p—5)—0d(¢>—6g+9)/2
a; %—5(q2—2q—1)/2 asy %—5(q2—6q—|—9)/2
bl = %+6<2q_5) ) b2 - % )
e Z+0(¢* —6g+9)/2 Co Z+0(¢* —6g+9)/2
as T—e(p*—2p—-1)/2 ay as E—e(p®—06p+9)/2
bg = §+€(2p— 5) s and b4 = b5 = %
c3 Ete(p®—6p+9)/2 C4 Cs T +e(p®—6p+9)/2

The following statements are verified by direct substitution.

(1) For p,q > 2, small ¢, and small §, « is a shape structure that satifies all gluing
equations (4.3) through (4.14), and thus lies in o (Tk(p.q))-

(2) For p =2 and ¢ > 2, set € = 0. Then for small §, « satisfies all required tetrahedron
and edge gluing equations and thus lies in @7 (Tk(2,9))-

(3) Similarly for ¢ = 2 and p > 2, set 6 = 0. Then for small ¢, a satisfies tetrahedron
and edge gluing equations.

(4) For p=¢q =2, set € = 6 = 0. Then one checks directly that o lies in &7 (Tg(2,2)). 0

A tetrahedron A of a triangulation 7 endowed with an extended shape structure a €
2/ (T) is flat for « if at least one of the three angles of T is zero, and taut for « if two angles
are zero and the third is 7. In both cases, A has volume equal to zero.

Lemma 4.20. Suppose for p,q > 2, the volume functional on o/ (Tkpq)) 45 mazimal at

a € A (Tkpe) \ & (Tkpyg) If an angle of o equals 0, then the other two angles associated
to the same tetradedron are 0 and .

Proof. This follows from [14, Proposition 7.1]; see also [28, Proposition 9.19]. O

Lemma 4.21. Suppose the volume functional on the space of angle structures on a layered
solid torus takes its maximum on the boundary. Then this structure consists of only taut
tetrahedra.

Proof. This is [18, Lemma 4.18]; see also [15, Proposition 15]. O
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Lemma 4.22. Suppose the volume functional on o/ (Tkpq) is mazimal at o. Then o ¢

%(TK(P#Z)) \ JZ{(TK(p,q))-

Proof. We will prove the lemma by contradiction. Suppose a € o (Tx(pq) \ & (Ti(p.g)
maximises the volume functional.

We first treat the case p,q > 2. Notice that the simultaneous involutions (aq, by, c;) <>
(ag,ba,c2) and (ay,by,cq) <> (as,bs,cs) preserve Equations (4.3) through (4.14). By con-
cavity of the volume function, there is a maximiser such that (aj,by,c1) = (ag, by, )
and (a4, bs,cq) = (as,bs,c5). Let (X,Y,Z) = (a1,b1,¢1) = (ag,ba, o) and (U, V,W) =
(a4,by,c4) = (as,bs, cs), then Equations (4.3) thru (4.14) can be rewritten as follows (note
Equations (4.8) and (4.9) become (4.28)).

(4.23) 21 = ap1 + 2by + b3 +2U + 2X + 2Y,
( ) 2m = a1 + b3+ 2¢o1 + 2V,

( ) 27 =2W +2bg 1 + -+ 2b,_31 + ap_3 1,

(4.26) 21 = 2¢i41,1 + Qigpn +a;; for 0 <i <p—5,
(4.27) 2T = ap_41 + 2¢p_31,

(4.28) 2 =W + Z + a3 + co,

( ) 2T =apo + ap + 2¢c3 + 2U 4 2V + 2X,

( ) 2T = a9 + 2¢2 + ap + 2Y,

( ) 21 =22 4 2boa + -+ 20432 + ag—32,

( ) 2 = 2¢j112 F aj400 +ajo  for 0 <j<g—5,
(4.33) 2 = ay_42 + 20q32.

Take the sum of Equations (4.23) and (4.24) and inductively apply shape parameter equa-
tion 2¢; 1 = 2w —2b; 1 —2a,, and Equation (4.26), 27 —a;1 = 2¢;411+ 421, for 0 < i < p—5.
Then apply shape parameter equation 2c, 41 = 27 — 2b,_41 — 2a,_4; and Equation (4.27)
to obtain:

4T = 2Ci+1,1 + Ai+11 + Q421 — 2 Z bj71 + 2b0 + 2b3 + 2X + 2Y + 2U + 2V

§=0
for0<i<p-5
p—4
(4.34) =2, 31+ Gpoz1 — 2 bjy + 2bg + 25 + 2X + 2V 42U +2V.
7=0

Next apply shape parameter equation 2c, 31 = 27 — 2b,_3; — 2a,_31, Equation (4.25) and
the shape parameter equations 2 = 2W + 2U + 2V and 2X + 2Y = 27 — 27 to Equation
4.34, to obtain

Similarly, the sum of Equations (4.29) and (4.30) can be rewritten as:
(436) W = Ccs + ag

Let V; denote the i-th layered solid torus, ¢ = 1 or 2. Throughout this proof we will apply
Lemma 4.20: flat implies taut.
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Case 1. Suppose a tetrahedron in the layered solid torus V; is flat. By Lemma 4.21, all of
the tetrahedra in V) corresponding to a are taut. This means that the tetrahedron on its
boundary is taut, and so exactly one of ag 1, by 1, or o1 is equal to m. We step through these
cases to show they cannot maximise volume.

Case 1(a). Suppose ag1 = m,bo1 = co1 = 0. By Equation (4.26), ay; = m,¢ca1 = by3 = 0.
By induction, a;,; = 7, ¢;1 = b;; = 0 for 1 <1 < p — 3. This is inconsistent with Equation
(4.27). So we must have ag; = 0.

Case 1(b). Suppose by = 7, ap1 = ¢p1 = 0. By Equation (4.25), b;; =0 for 1 <7 <p-—3.
By Equation (4.26), as; = 0, hence ¢o; = m, and ¢;; = w. By induction ¢;; = =« for
1 <i < p— 3. Furthermore, by Equation (4.25), W = 0, and so one of U or V' must equal
7. By Equation (4.36), ¢3 = ag = 0.

(1) Suppose U = 7. Then by Equation (4.23), Y = X = b3 = by =0 and so Z = a3 =
co = m. By Equation (4.31), byo = -+ = by_92 = 0. By Lemma 4.21, all tetrahedra
in V5 are also flat. Since all tetrahedra in V; are flat, and all tetrahedra Ao, ..., As
are flat, this implies that the volume is zero, and so the volume functional cannot be
maximised at a.

(2) Suppose V' = w. By Equation (4.29), app, = X = 0. Again by Lemma 4.21, all
tetrahedra are flat, so the volume cannot be maximal.

Case 1(c). Suppose ¢o1 = 7, a1 = bpp = 0. By Equation (4.26), ¢;; = 7, az; = 0 which
implies that a;; = 0. By induction, ¢;; = 7 for 0 < i < p — 4 and by Equation (4.27),
¢p—31 = 7. By Equation (4.25), W = m. By Equation (4.24), b3 = 0, and so one of a3 = 7
or ¢z = .

(1) Suppose ag = m and ¢3 = 0. By Equation (4.36), ap = w, and by Equation (4.35),
Z = 0. Since ¢ = U =V = 0, then by Equation (4.29), apo = 7. By Lemma 4.21,
all tetrahedra are flat, so the volume cannot be maximal.

(2) Suppose a3 = 0 and ¢3 = 7. By Equation (4.29) we have ap2 = a9y = X = 0. By
Lemma 4.21, all tetrahedra are flat, so the volume cannot be maximal.

Case 2. Suppose a tetrahedron in the layered solid torus V5 is flat. By Lemma 4.21, all of
the tetrahedra in V5 corresponding to a are taut. In particular, exactly one of ag 2, b2, or
o2 is m and the others are 0.

Case 2(a). Suppose ags = 7, b2 = cp2 = 0. By Equation (4.32), ass = m,co0 = byy = 0.
By induction, a;2 = 7, ¢;2 = b2 = 0 for 1 <14 < ¢ — 3. This is inconsistent with Equation
(4.33). So we must have ago = 0.

Case 2(b). Suppose by2 = m,ag2 = cp2 = 0. By Equation (4.31), b;o =0for 1 <i<¢g—3
and Z = 0, so either X = 7 or Y = 7. By Equation (4.23), ap; = by = b5 = U = 0. By
Lemma 4.21, all tetrahedra are flat, so the volume cannot be maximal.

Case 2(c). Suppose ¢p2 = 7, a92 = bpo = 0. By Equation (4.32), ¢12 = 7, az2 = 0 which
implies that a; 5 = 0. By induction, ¢;» = 7 for 0 < i < ¢ — 4 and by Equation (4.33),
¢q-32 = . By Equation (4.31), Z = 7 and by Equation (4.30), ap = 0. Then one of by or ¢
equals .

(1) Suppose by = . Then by Equation (4.23), b5 = U = a¢; = 0. By Lemma 4.21, all
tetrahedra are flat.
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(2) Suppose ¢g = 7. Then by Equation (4.35) b3 = 7 and so by Equation (4.36) W = 0.
This implies that U = 7 or V = 7. Since bs = 7, Equation (4.24) implies that V' =0
so U = . By Equation (4.23), ap; = 0. By Lemma 4.21, all tetrahedra are flat.

Case 3. Now suppose no tetrahedra in V; and V5 are flat, but one of the other tetrahedra is
flat. There are a number of cases. We show that in each case, there is either a contradiction
or a tetrahedron in V; or V; is flat.

a) lf g =m,U =7, X =7, or Y =, then Equation (4.23) implies ag; = 0.

(

(b) If ¢3 = m or V = 7, then Equation (4.29) implies ago = 0.

(c) If W = m, then Equation (4.25) implies by = -+ = b,_31 = a,-31 = 0.

(d) If ap = 7, then Equation (4.36) implies W = 7, a contradiction by case (c).

(e) If Z = m, then Equation (4.31) implies byo = -+ = by_32 = a4-32 = 0.

(f) If b3 = m, then Equation (4.35) implies Z = 7, a contradiction by case (e).

(g) If co = m, then Equation (4.36) implies ¢3 = W and Equation (4.29) implies ag o = 0.

(h) If a3 = 7, then Equation (4.35) implies by = Z and Equation (4.23) implies ag; = 0.

This concludes the proof for p,q > 2.
Now consider p = 2 and ¢ > 2. Equations (4.8) thru (4.16) can be rewritten as follows.

(4.37) 27 = 20y + bs + 2U + 2X +2Y

(4.38) 2m = b3 + 2V + 2V

(4.39) 2n =W +Z +as+ ¢

(4.40) 2 = aga + ag + 2¢3 + 2U + 2V + 2X

(4.41) 21 =2cp2 +ap+a1o +2Y

(4.42) 2 =272 +2bgo+ -+ 2by_32 + Ag—32
(4.43) 21 = 2¢j112 F Ajq00 +ajo for 0 < j<g—5
(4.44) 2T = ag—42 + 2¢4_32

We may also apply the previous argument that obtained Equation (4.36), using Equations
(4.40) through (4.44) and shape parameter equations, to obtain

(445) W = Ccs + ag

Suppose that one tetrahedron in the layered solid torus V5 is taut. Then by following the
previous argument ago = 0.

(1) If by = m, then Equation (4.42) implies Z = 0. If X = 7 or Y = =, then Equation
(4.37) implies by = by = U = 0. Therefore, all tetrahedra are flat.

(2) If ¢p o = m, then by following previous arguments ¢;» = 7 for 0 <1i < ¢ —4. Equation
(4.42) implies Z = 7. Equation (4.41) implies a9 = 0. If by = 7, then by Equation
(4.37), all tetrahedra are flat. If ¢g = 7, then Equation (4.39) implies a3 = W = 0.
Therefore, all tetrahedra are flat.

Now suppose no tetrahedra in the layered solid torus V; are flat, but some other tetrahe-
dron is flat. Again we work through cases to obtain a contradiction.

(1) If e3,U, V, or X are equal to 7 then by Equation (4.40), ago = 0.
(2) If Z =7, then by Equation (4.42), by = 0.
(3) If Y =, then by Equation (4.41), ¢g2 = 0.
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(4) If W = 7, then Equation (4.38) implies by = V = 0. By case (1), ¢5 # 7. If a3 =,
Equation (4.39) implies Z = ¢y = 0, so X or Y is 7, contradicting case (1) or (3).

(5) If by = m, then by = U = X =Y = 0 by Equation (4.37). So Z = , contradicting
case (2).

(6) If ap = m, then Equation (4.40) implies ¢3 = 0 and W = 7, contradicting case (4).

(7) If ¢y = 7, then by Equations (4.45) we have W = ¢3. Therefore, Equation (4.40) and
the shape parameter equation U + V + W = 7 implies that a2 = 0.

(8) If a3 = , then Equation (4.45) implies W = ag. By Equation (4.39), Z = by and
so by Equation (4.37), U = 0. But this implies that V' = 7 or W = 7 which is a
contradiction of case (1) or (4).

(9) If b3 = m, then Equation (4.45) implies W = ag. By Equation (4.39), 7 + by = Z
which implies that Z = 7, a contradiction by case (2).

For K(p,2) where p > 2, the argument is the same as that for K(2,q). More carefully,
switch the pairs of tetrahedra Ag and Az, Ay and As, A, and Ay, and replace ¢ with p, taking
the layered solid torus V; rather than V5. Then up to relabelling, the identical argument as
above proves the result for K(p,2).

For p = ¢ = 2, rewrite Equations (4.8), (4.9), (4.15), (4.16), (4.17), and (4.18) as follows:

( ) 2n =W + Z +asz + ¢

(4.47) 21 = 2by + bs +2U +2X +2Y
(4.48) o = by + 2V + 2W

(4.49) 21 = ag + 2X +2¢3 +2U + 2V
(4.50) 2r =ap+2Y +27

(1) If X,Y,U,V,cs3 or by = m, then by Equation (4.47) and (4.49) all tetrahedra are flat.

(2) If Z = 7, then Equation (4.50) implies ag = 0 so by case (1) we must have ¢y = 7.
By Equation (4.46), a3 = W = 0 so all tetrahedra are flat.

(3) If W = 7, then Equation (4.48) implies b3 = 0 so by case (1) we must have a3 = 7.
By Equation (4.46), Z = ¢y = 0 so all tetrahedra are flat.

(4) If ag = m, then Equation (4.48) implies U = 0 so either V = 7 or W = 7. By case
(1) or (3), all tetrahedra are flat.

(5) If ¢co = m then Equation (4.50) implies that Y = 7 or Z = 7. So by case (1) or (2),
all tetrahedra are flat.

(6) If b3 = 7, then Equation (4.48) implies 2U = 7. Equation (4.47) implies Z = 7. By
case (2), W =0, a contradiction to 2U = 7 by Lemma 4.20.

(7) If ag = 7, then Equation (4.50) implies 2X = 7. Equation (4.49) implies W = m. By
case (3), Z =0, a contradiction to 2X = 7 by Lemma 4.20. O

Proof of Theorem 4.1. Suppose p,q > 2. By Lemma 4.19 the space of angle structures
A (T (p,q)) of the ideal triangulation T, q) is non-empty. By Lemma 4.22, the volume
functional on the closure of this space is maximal in the interior. It follows from Casson and
Rivin’s theorem [11, Theorem 1.2] that Ty (p,q) is a geometric triangulation of the complement
of K(p,q). O
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5. TRIANGULATIONS AND NEUMANN-ZAGIER EQUATIONS

In this section we show that for any p, ¢, the deformation variety of K(p,q) is cut out
by eight equations in nine variables. Eliminating all but two variables from these equations
gives (a factor of) the PSL A-—polynomial. The tools we use are from [19]. We begin by
reviewing this material, following the notation of Neumann and Zagier [26].

5.1. Background on Ptolemy equations. Recall labelled triangulations of Definition 4.2.
Consider the edge (vw) of a tetrahedron A where v, w € {0, 1,2,3}. We will denote by j(vw)
the index of the edge to which (vw) is glued. In particular, (vw) is glued to Ej(yuy)-

Definition 5.1. The a-incidence number (b-, c-incidence number, respectively) of Ej with
the tetrahedron A, denoted by ay; ( by, ck ;, respectively), is the number of a-edges (b-,
c-edges, respectively) of A; identified to Ej.

Let my, and I, denote the meridian and longitude of the &% boundary tori. Then the
a-incidence number (b-, c-incidence number, respectively) of my, (I respectively) with the
tetrahedron A; is the signed number of segments of my, (I respectively) running through a
corner of a triangle corresponding to an a-edge (b-, c-edge, respectively) of A;, where the
sign is +1 if the segment cuts off the corner in the anticlockwise direction, and —1 if it cuts
off the corner in the clockwise direction. The a-incidence number (b-, c-incidence number,
respectively) of mj with the tetrahedron A; is denoted by af'; ( bf;, ¢}, respectively). The
a-incidence number (b-, c-incidence number, respectively) of I, with the tetrahedron A; is
denoted by aﬁw- ( bﬁw, cf,w-, respectively).

Definition 5.2. Let 7 be a labelled triangulation of M. Assign variables 2, 2}, and 2} to
the a-, b-, and c- edges of A}, respectively such that

(5.3) 722l = =1 and  z;+ ()7 —=1=0

Equation (5.3) are called shape parameter equations. If A; has a hyperbolic structure then
the shape parameter equations are standard terahedron parameters as discussed in [32].

We now consider a link complement M with triangulation 7 and choose generators m;
and [; of H,(T;) for 1 <i < n, where T; is a boundary torus of M and n, is the total number
of torus boundary components of M.

Suppose an ideal triangulation of M has n edges, and hence n tetrahedra. For each edge
Ey, kE=1,... n, the gluing equation for edge Fj, is

n
(5.4) [T ) () =1
j=1
and the cusp equations for cusp torus T, are
n n
al’. m m al .
(5.5) my = [[ 2 ()% ()% and 4 = [ 27" (2))% (2]) ko
j=1 j=1

Simultaneously solving the shape parameter equations, gluing equations, and cusp equa-
tions with my, [, = 1 gives a complete hyperbolic structure on the given link complement.
When there is just one cusp, solving these equations in terms of m and [ gives a factor of
the PSL(2,C) A-polymonial [5].

We will change this system of equation by a change of basis, as in [19]. This will replace

/

gluing and cusp equations, which potentially have very high degree in the variables z;, 2
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and 2!, with Ptolemy equations, which have degree at most two in new variables A;, \.. To
do so, we recall information on the Neumann—Zagier data.

The incidence matrixz of M with the given triangulation and generators, denoted by In, is
the (n + 2n,) x 3n matrix whose k' row for 1 < k < n is given by

(5.6) (aka bea Cray.-osGrn bin Crn) -
The next rows are given in pairs:
m m m m m m
(5.7) A1 91 Crase--sQpn Upn Cpan
’ a b cl al b ¢
k,1 k,1 k10 Pkn kn kn

The Neumann—Zagier matriz, denoted by NZ, is the (n 4+ 2n.) X 2n matrix whose first n
rows are given by

a
(5.8) Ry = (aky—cry bei—cen -+ Qrn— Chn bin — Cin)
and whose last 2n. rows are given by pairs
m m m m m m m m m
(5.9) Ry _ [ Op1 — Ca bk,l LS R ) i & bk,n ~ Ckn
. )T\l A gl
k k,1 k,1 k,1 k,1 k.n kn kn kmn
Let ¢, ¢, ¢l denote the sum of all the c-incidence numbers in a row. That is,

n n n
Cp = E Ckj, Ci = E c%, cﬁz E ci-yj, forl1<k<nand1l<i<n,.
j=1

j=1 j=1
Define a vector called the C-vector by
(5.10) C = (2—ca ... 2—c¢ = = ..o = —=d),

ne

Neumann showed in [25, Theorem 2.4] that there exists an integer vector B satisfying
NZ-B = C. We call such a vector a B-vector.

All of this is equivalent to the Neumann-Zagier datum in [10].

We use this to change the variables in the gluing and cusp equations, as in the following
theorem.

Theorem 5.11 (Theorem 1.1 of [19]). Let M be a knot complement with a hyperbolic tri-
angulation T, with associated Neumann—Zagier matriz NZ and C-vector C. Define formal
variables 1, ...,7,, one associated with each edge of T. For a tetrahedron A; of T, and
edge a8 € {01,02,03,12, 13,23}, define v;.p) to be the variable i, such that the edge of A;
between vertices o and [ is glued to the edge of T associated with .

For each tetrahedron A; of T, define Ptolemy equations of T in terms of A; by

(= 1) 57142 Py 01y y008) + (= 1) P15 2m 250035018 — Y3003 502) = 0.
After setting v; = for some 1 < i < n and solving the system of Ptolemy equations of T in

terms of m and | , we obtain a factor of the PSL(2,C) A-polynomial of K, Ax(M, L) where
m = M? and I'? = —L.

Note that Theorem 5.11 differs slightly from [19]: There, rather than using the full
Neumann—Zagier matrix, a reduced matrix is used, with linearly dependent rows removed.
However, note that the entries of such a row do not play any role in the conclusion of the
theorem. The B-vector has the same entries, since the extra row(s) give redundant gluing
equations.
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5.2. A-polynomials of double twist knots. We use the (conjecturally) minimal triangu-
lation of Section 3.2 to compute the defining equations for the A-polynomial of double twist
knots K(p, q).

Start by first considering the knot K(2,2) = 74 (p = 2). The Ptolemy equations of this
knot will differ from the rest of the family because the cusp neighbourhood is constructed
without the layered solid tori. In particular, it is constructed from Figure 2.7 by removing
tetrahedra Ag, A7, Ag, Ag and then folding edges O} and O2. Tts Neumann-Zagier matrix
is given in Table 5.1.

Eo[[—=1]-1 —1[=1] 1 —1[-1
E, | =1]=1]-1]-1 1 —1] =1
P! 1| -1 —1
O} 211111 11 1
P21 —1 —1
Oz 1 1 1 =211 1]1
m 1 1|1 1
[ 2 2 —2 —2]=2 2 [ 2

TABLE 5.1. Neumann-Zagier matrix of K(2,2).

The C-vector is given by
C=(-1-1020010)"
and the B-vector below satisfies NZ-B = C.
B=101-100011-100)"
Then we obtain the following six Ptolemy equations, one for each of the tetrahedra.
Ao : myp2ypz — 171/2’72)3 — VB, VE
AVEE —MYolYo2 — Yok VP2 — VE VP2
Ay 7m0z + 17 20702 — VB VP
Ag: —m ™ g ve 17 m T oy — 7(293
Ay =YorY02 — M Y02 ¥Pt — Ve VP!
As: ml%og%f)g +YP1Y0z — VE P

By letting m = M?, [Y/? = —L, vp2 = 1, and by taking the Groebner basis of the above
Ptolemy equations, we obtain the PSL-A-polynomial of K (2,2):

Arpa (L, M) = (=14 M)(1+ M)(1+ M*) (=1 + LM*)
x (1 =L+ LM?*+2LM* + LM® — LM® + L>*M®)
x (1 —2L+ L* 4+ 6LM? —2L*M?* + 2LM* + 3L*M* — TLM®
+ 2L MO + 2L M® — TL2M® 4+ 3LM™ + 2L*M™ — 2LM" + 6L* M "
+ LMY — 202 MM + LPM™).
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The last two factors agree with the A-polynomial computed using SLo(C) representations
of m (83 — K(2,2)).

For at least one of p,q > 3, we will compute the A-polynomial using results from [19],
using Dehn filling.

Let M be the complement of the Borromean rings, M (p,q) the complement of K(p,q).
As detailed in Section 3.2, we obtain a triangulation of M (p,q) from the 10-tetrahedra
triangulation of M in Section 2.2 by first removing {Ag, A7, Ag, Ag}, to obtain a triangulated
space M, and then adding in tetrahedra, one tetrahedron per step through the Farey graph
in each of two layered solid tori.

Let M be obtained from Mj by attaching the first tetrahedron Al of the first layered
solid torus to Mj. Inductively, let M} be obtained by attaching the j-th tetrahedron A} of
the first layered solid torus to Mj , for j =1,...,p—2. Let M} be obtained from M, _, by
attaching the first tetrahedron A? to M} ,. Inductively, let M be obtained by attaching
the k-th tetrahedron A2 of the second layered solid torus to M2 ;.

Let NZ be the Neumann—Zagier matrix of the Borromean rings complement M, excluding
the rows corresponding to the meridian and longitude of each crossing circle cusp, the edge
incident to only {Ag, A7}, and the edge incident to only {Ag, Ag}. Also, let C' be the
corresponding C-vector.

Proposition 5.12.

(1) The Neumann-Zagier matriz NZs of M} is obtained from NZ by deleting the columns
corresponding to the removal of tetrahedra {Ag, A7, Ag, Ag}.

(2) Inductively, the Neumann—Zagier matriz NZJ1- ofMj1 1s obtained from NZ}?1 by adding
a pair of columns associated to the tetrahedron Ajl and a row associated to the edge
(’)jl»+2 for 0 < j <p-—4. The matriz NZ;_3 s obtained from NZ;_4 by adding a pair
of columns associated to the tetrahedron A}H. The entries of the new rows outside
of the new columns are zero and the mon-zero entries of each column is given in
Table 5.2. For the second layered solid torus, the Neumann—Zagier matrices NZ? are
obtained from NZJQ»_1 in a similar manner. The final matrix is NZg_g.

(3) The C-vector associated to NZ;_S, denoted by C(p,q), is obtained from C' by adding
2 to the entries corresponding to O} and O, subtracting 2 from the entries corre-
sponding to O} and O, and appending 0’s associated to edges (’)]1- for2<j3j<p-2
and O% for2 <k < q-—2.

A
P 2 Al
O; 1 P’ 1 ]2
a1 || =2 —2 (9; 1
G2 || 1 Oj || —2] -2
(A)i=land0<j<p—4ori=2 (B)i=1landj=p—3ori=2and
and 0 <j<qg—4 j=q—3

TABLE 5.2. Non-zero entries in the columns associated to Agy:.
J
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Proof. The change to NZ when the triangulation is given by Dehn filling using a layered
solid torus follows from [19, Proposition 3.11]. In our case, we start with the 10-tetrahedron
triangulation of the Borromean rings complement, and Dehn fill using the layered solid torus
as described in Section 3.2. 0

Lemma 5.13. The C- and B- vectors for S — K (p, p) obtained from performing Dehn filling
on the cusps of the two crossing circles from are

(5.14) C=(-1 102000 -- 01 0) and
(5.15) B=(0 100000000 - 0)

Proof. The Neumann—Zagier matrix NZ associated to the triangulated Borromean rings com-
plement of Section 2.2 is given in Table 5.3.

Ap Aq Ag Ag Ay As Ag Az Ag Ag

l 2 2 -2 -2 -2 2 2

TABLE 5.3. Neumann-Zagier matrix NZ before Dehn filling.

The corresponding C-vector is C' = (—1 -1 00 20 -2 21 O)T. A B-vector B’
satisfying NZ-B’ = (" is given by

(5.16) B=(2-1000002000000000000)"

By Proposition 5.12, the C-vector associated to NZg_3 is that of Equation (5.14).
We have that N 2273 for p > 3 is obtained by removing the columns associated to tetrahedra
{Ag, A7, AgAg} then adding rows and columns associated to tetrahedra Aj- where the non-

zero entries of the added rows and columns are given in Table 5.2. Therefore, column 2 of
NZ(r) is C. It follows that a B-vector is given by Equation (5.15). O

Theorem 5.17. For p,q > 3, the following equations are defining equations for the PSL-A-
polynomial of the double twist knot K(p,q), where 0 < j <p—3 and 0 <i < q— 3.

(5.18) Do+ —myozvor + 1% — e vms

(5.19) A1 1 myervoz T Vo302 — VE TP

(5.20) Ay 2 17Pm o0z + U Py01702 — Yy 1R
(5.21) Az m ey ye + 1 PmT o010 — 16
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(5.22) Ayt Yorvoz + MYo1v0z — VE, VP

(5.23) As @ myo1v0z + Yorvoz — VE VP

(5.24) Aj s qorvor, T — 01, J=0....,p—4
(5.25) A7 Yooz, + VP — 729?+1 i=0,...,q—4
(5.26) A,y s mvo), 9 — Y01,

(5.27) ALyt ypYor, T — Vo2,

Proof. The Ptolemy equations corresponding to tetrahedra A,...,As, outside the layered
solid tori, are obtained from Theorem 5.11 using the B-vector given in Lemma 5.13 and the
first twelve columns in Table 5.3. The Ptolemy equations corresponding to tetrahedra A; in
the layered solid tori are obtained from Theorem 5.11 using the B-vector given in Lemma 5.13
and the adjusted Neumann-Zagier matrix NZg_3 obtained by applying Proposition 5.12 to
Table 5.2. 0

Example 5.28. For p = 3 and ¢ = 3, the defining equations for the A-polynomial are the
six Ptolemy equations given in Equations (5.18) through (5.23) and two Ptolemy equations

Ay YP1Y0s t Vor — 7(29%
AG YpY0z + Ve — Vo

By letting m = M?,1"/? = —L, 702 = 1 and by taking the Groebner basis of the defining
equations, we obtain the following equation.

Ak (M, L) = (1 + LM?)?

(1 —4L +6L% — 4L + L* + 12LM? — 26 L> M* 4+ 16 L* M* — 2L* M*
— 2LM* +26L*M* — 18L*M* + 3L*M* — 3LM° + 36L*M°® — L>M®
—AL*MC + 8LM® — 31 L2 M8 + 32L3 M8 + 5L M® — 13LM"°
— 20L2MY — 6L3MY + 4L MY 4+ AL MY — 6L° M2 — 20L3 M2
— 13L*M™ 4 5LMY™ + 3202 MY — 31L3 MM + 8L M™ — 4L M1
— LMY 4 36L3 M6 — 3LAMYC + 3L M™ — 18L2 M8 + 26 L3 M 18
—20AM — 20 M +16L2M* — 262 M*° + 1204 M + LM?*
—AL*M™* + 6L3M?* — AL*M** + L°M*)
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(1 —4L+6L* —4L* + L* +6LM? — 15L*M?* + 12L°M?* — 3L*M*
+6LM* — TL2M* + L*M* — 3LMS + 2512 M5 — 26 L3MS + 514 M°©
+ 11L°M® — 5L *M® + 3LM'° — 6 L2 M0 + 2413 M0 — 6LA MO
— 2LM*" + 812 M + 8L3 M2 + 8L M2 — 205 M*? — 612 M
+24L3M"™ — 6LAM™ + 3L° MM — 5L2M + 110 MY + 502018
— 26L3M™ + 25LAM' — 3L5M™ + LM — 7L M0
+6L° M —3L2°M?** +12L3M* — 150L*M** + 6L°M?** + L2 M*
o 4L3M24 + 6L4M24 _ 4L5M24 4 L6M24).

The last two factors agree with the A-polynomial computed using S Ly(C) representations
of (5% — K33).

Theorem 5.29 (Theorem 3.11 of [30]). Suppose a knot is obtained from a link complement
by Dehn filling using a layered solid torus. Suppose the tail of the layered solid torus has
length n > 1 and begins at step k, and suppose the folding equation corresponds to the tip
being in the same direction as the tail. Consider the tetrahedron with slopes (ox, fx, Pk, hk)
obtained from taking a walk in the Farey graph from triangle (o, fx, px) to triangle (fx, pr, hx)

where py is the pivot slope, that is, pr = Pry1 = *++ = Pran_1. Lhe folding equation, along
with the set of tail equations, is equivalent to the equation
(5.30) Hy =390, = 0,
where
nabn_l_a n—>b 2a, 2b 2(nab)
(5'31) fyfk + Z ( b ) ( a )fyfkﬁyokfypk
a+b<n—1

Corollary 5.32. For p,q > 3, the following eight equations are defining equations for the
PSL-A-polynomial of the double twist knot K(p,q).

(5.33) Ao @ —myp2y02 + lil/Q%zgé — VEVE

(5.34) Ay MYoiYoz + Yoi Vo — VE VP2

(5.35) Ay YPm o0 + 170700 — B0 P

(5.36) Ag : m™ypye +Pm T o010 — 5

(5.37) Ay Yooz + MY01Y0z — VE VP

(5.38) As + myoryoz + Vo102 — VE VP!

(5.39) Tail 1+ Hy_y =g 0 v

(5.40) Tail 2 = Hy =75 v e

where,

(5.41) =3+ > (- (n N ll) - a) (n . b) Vv
a+b<n—1

a+b<m—1
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