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Overview

This talk aims to do the following:
• Discuss hyperbolic 3-manifolds and Ptolemy varieties.
• Tell you about how we can use spinors and horospheres in

hyperbolic 3-manifolds.
• Tell you how we can use spinors and horospheres to

understand the Ptolemy variety.
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Hyperbolic 3-manifolds and triangulations

Once upon a time there were the following objects:
• M, interior of a compact oriented 3-manifold with nonempty

boundary consisting of tori
• T , an ideal triangulation of M,
• ∆, an ideal tetrahedron of T , with vertices named 0, 1,2, 3.

E.g. L ⊂ S3 a link, M = S3 \ L.
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They all lived standardly in H3, considered via the upper
half-space model, with ∂H3 = C ∪ {∞} = CP1 and
Isom+H3 ∼= PSLC acting by Möbius transformations on ∂H3.
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Ptolemy assignments

Definition (Garoufalidis–D. Thurston–Zickert (GTZ) 2015)

A Ptolemy assignment on ∆ is a map

c : {Oriented edges of ∆} −→ C∗, ij 7→ cij

such that
cij = −cji

and
c03c12 + c01c23 = c02c13.

Definition (GTZ 2015)

A Ptolemy assignment on T is a map

c : {Oriented edges of T } −→ C∗

restricting to a Ptolemy assignment on each ∆.
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Ptolemy equation

Ptolemy, Almagest (∼ 160 CE): For a cyclic quadrilateral ABCD
in the Euclidean plane,

AC · BD = AB · CD + AD · BC.

Numbering (A,B,C,D) ∼ (0, 1, 2,3) and denoting distance dij ,

d02d13 = d01d23 + d03d12.
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The SL2C Ptolemy variety

Definition
The (SL2C) Ptolemy variety Pt(T ) of T is the set of all Ptolemy
assignments on T .

Variables ↔ oriented edges. Equations ↔ edges ∪ tetrahedra.

Theorem (GTZ15)

Ptolemy assignments are in bijection with generically decorated
boundary-unipotent hom’s π1(M) −→ SL2C up to conjugacy.

Decorated? Generically? Unipotent? Boundary-unipotent?

Theorem (M.–Purcell)

These are also in bijection with certain possibly singular
spin-decorated hyperbolic structures on T .

Roughly, these may be branched, folded, have flat tetrahedra,
but are nondegenerate, complete, spin-decorated at each cusp.
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Why Ptolemy varieties?

Uses of Ptolemy varieties:

• They parametrise representations π1(M) −→ SL2C hence
hyperbolic structures.

• Such a representation has Ptolemy coordinates.
• Ptolemy coordinates can be used to explicitly recover a

representation.
• They have an extension which is independent of

triangulation (Goerner–Zickert 2018).
• They work for all SLnC and relate to Fock–Goncharov

“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.
Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Why Ptolemy varieties?

Uses of Ptolemy varieties:
• They parametrise representations π1(M) −→ SL2C hence

hyperbolic structures.
• Such a representation has Ptolemy coordinates.

• Ptolemy coordinates can be used to explicitly recover a
representation.

• They have an extension which is independent of
triangulation (Goerner–Zickert 2018).

• They work for all SLnC and relate to Fock–Goncharov
“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.
Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Why Ptolemy varieties?

Uses of Ptolemy varieties:
• They parametrise representations π1(M) −→ SL2C hence

hyperbolic structures.
• Such a representation has Ptolemy coordinates.

• Ptolemy coordinates can be used to explicitly recover a
representation.

• They have an extension which is independent of
triangulation (Goerner–Zickert 2018).

• They work for all SLnC and relate to Fock–Goncharov
“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.
Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Why Ptolemy varieties?

Uses of Ptolemy varieties:
• They parametrise representations π1(M) −→ SL2C hence

hyperbolic structures.
• Such a representation has Ptolemy coordinates.

• Ptolemy coordinates can be used to explicitly recover a
representation.

• They have an extension which is independent of
triangulation (Goerner–Zickert 2018).

• They work for all SLnC and relate to Fock–Goncharov
“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.
Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Why Ptolemy varieties?

Uses of Ptolemy varieties:
• They parametrise representations π1(M) −→ SL2C hence

hyperbolic structures.
• Such a representation has Ptolemy coordinates.

• Ptolemy coordinates can be used to explicitly recover a
representation.

• They have an extension which is independent of
triangulation (Goerner–Zickert 2018).

• They work for all SLnC and relate to Fock–Goncharov
“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.

Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Why Ptolemy varieties?

Uses of Ptolemy varieties:
• They parametrise representations π1(M) −→ SL2C hence

hyperbolic structures.
• Such a representation has Ptolemy coordinates.

• Ptolemy coordinates can be used to explicitly recover a
representation.

• They have an extension which is independent of
triangulation (Goerner–Zickert 2018).

• They work for all SLnC and relate to Fock–Goncharov
“Higher Teichmüller” theory (Garoufalidis–D.
Thurston–Zickert 2015)

• Ptolemy coordinates are “dual to shape coordinates”.
Other invariants of 3-manifolds and their representations can
be found from Ptolemy coordinates:

• Bloch invariant (GTZ 2015)
• Cheeger-Chern-Simons invariant (complex volume)



Shapes of ideal tetrahedra

Thre’s a unique isometry ϕ ∈ Isom+H3 taking 3 vertices of ∆ to
0, 1,∞.

Where does the 4th go? z.

Shape parameter (cross ratio) z(e) on each edge e:
• Well-defined on unoriented edges e;
• arg z(e) = dihedral angle at e;
• z(e) gives “shape of triangle near infinity”.
• Opposite edges have same parameter.
• Edges e, e′, e′′ have parameters z, 1

1−z ,
z

z−1 .
• Im z(e) > 0 when ∆ positively oriented;

(resp. < 0, negatively oriented)
• z(e) real when ∆ is flat
• z(e) = 0, 1,∞: ∆ degenerate (some vertices coincide).
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Hyperbolic structures à la Thurston: gluing equations

Around each edge e of T , multiply shape parameters

z(e1)z(e2) · · · z(en) = 1.

Set of solutions: Deformation variety (aka shape/gluing variety)
• Variables ↔ tetrahedra. Equations ↔ edges.

From a solution (set of shape parameters), we can build:
• Developing map D : M̃(T̃ ) → H3, unique up to isometry
• All Im z(e) > 0 and

∑
arg z(ej) = 2π around each e: bona

fide (but possibly incomplete) hyperbolic structure.
• All Im z(e) > 0: could also be branched around edges.
• All z(e) ̸= 0, 1,∞: could also be folded/flat along faces.
• Arbitrary z(e): could have degenerate ∆
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Holonomy representations

From a developing map D : M̃ −→ H3, we obtain a holonomy
representation/homomorphism (up to conjugation)

Hol : π1(M) −→ PSL2C = Isom+H3.

Given a loop γ ∈ π1(M)...
• Lift to a path γ̃ in M̃ (or T̃ )
• Follow γ̃ under D through hyperbolic ideal tetrahedra.
• Initial/final points of γ̃: related by deck transformation of M̃.
• Initial/final tetrahedra of D(γ̃): related by an isometry ϕ.
• Hol(γ) = ϕ.
• Since D well defined up to overall isometry, Hol well

defined up to conjugation in PSL2C.
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Hyperbolic structures à la Thurston: completeness

On each torus cusp c of T , choose a basis l,m.
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Completeness equations for l,m: “cusp holonomy = 1"
E.g. here
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1 c−1

2 = 1, b−1
1 a+1

2 = 1.
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Hyperbolic structures à la Thurston: completeness

Solutions to gluing and completeness equations: also a variety.
• Variables ↔ tetrahedra. Equations ↔ edges ∪ cusps.

Now when we build developing map...
• “Quadrilateral fundamental domain for torus now looks like

a parallelogram on a horosphere”
• Holonomy at each cusp is parabolic. (Euclidean

translations identifying opposite sides of parallelograms.)
• All Im z(e) > 0 and

∑
arg z(ej) = 2π around each e: bona

fide complete hyperbolic structure.
• Unique by Mostow rigidity!

• All Im z(e) > 0: could be branched around edges.
• All z(e) ̸= 0, 1,∞: could also be folded/flat along faces.
• Arbitrary z(e): could have degenerate ∆
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Back to GTZ: WARNING INCOMPREHENSIBLE

Theorem (GTZ15)

Ptolemy assignments are in bijection with generically decorated
boundary-unipotent hom’s ρ : π1(M) −→ SL2C up to conjugacy.

• Unipotent matrices = P =

{(
1 z
0 1

)
| z ∈ C

}
⊂ SL2C.

• Boundary-unipotent hom: Each peripheral subgroup of M
maps to a conjugate of P in SL2C.

• Decoration on ρ : π1(M) → SL2C: a ρ-equivariant map
I(T̃ ) −→ SL2C/P where

• I(T̃ ) is the set of ideal vertices of the triangulation T̃ of M̃
• SL2C/P = cosets of P in SL2C = {gP | g ∈ SL2C}.

• The cosets at vertices of a ∆, (g0P, g1P, g2P, g3P) are
generic if for each i < j , det(vi , vj) ̸= 0, where vi is the first
column of gi ∈ SL2C.

• ρ is generically decorated if it is generic on each ∆.
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Theorem (M.–Purcell)

All these concepts mean something in hyperbolic geometry.

Theorem (M.–Purcell)

Ptolemy assignments are also in bijection with certain singular
nondegenerate spin hyperbolic structures on T :

• may be branched along edges,
• may be folded along faces or have flat tetrahedra,
• are complete and spin-decorated at each cusp.

Rest of this talk: Try to explain this.
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Frames and isometries

Definition
A frame f at a point p ∈ H3 is a right-handed orthonormal
ordered basis of TpH3. The set of frames is denoted Fr.

• Fr is a principal SO(3) ∼= RP3 bundle over H3.
• Given f1, f2 ∈ Fr, ∃! ϕ ∈ Isom+H3 such that (D)ϕ(f1) = f2.

Choosing a “base-frame” f0 ∈ Fr, we obtain a bijection/diffeo

Isom+H3 ∼= PSL2C −→ Fr, ϕ 7→ ϕ(f0).

Topologically, PSL2C ∼= Fr ∼= H3 × SO(3) ∼= R3 × RP3.
Taking double/universal covers, we obtain “spin” versions.

• A spin frame is a point of F̃r.
• F̃r is a principal Spin(3) ∼= S3 bundle over H3.
• Choosing a “base-spin-frame" f̃0, yields a diffeo

Ĩsom+H3 ∼= SL2C −→ F̃r , A 7→ f̃ = A.f̃0.
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Spin frames and matrices

Definition
Preferred basepoint/frame/axis

• p0 = (0,0, 1)
• f0 = (−∂z , ∂y , ∂x) at p0.

• f̃0 = a lift of f0 to F̃r.
• γ0 = geodesic directed by −∂z at p0 (∞ → 0)
• h0 = horosphere through p0 centred at ∞

One can check:

•
(

1 a
0 1

)
parallel translates f̃0 along h0

∼= C by a ∈ C

•
(

e−d/2 0
0 ed/2

)
parallel translates f̃0 along γ0 distance d .

• A ∈ SU(2) rotates f̃0 around p0.
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Matrices and spin-decorated horospheres

Interpretation of unipotent matrices P and cosets:

• P =

{(
1 z
0 1

)
| z ∈ C

}
↔ spin frames on h0 parallel to f̃0.

• gP (g ∈ SL2C) ↔ spin frames on g · h0 parallel to g · f̃0.
• SL2C/P ↔ spin-decorated horospheres.

Spin decorations:
• A decoration on a horosphere is a parallel unit vector field.

There are “2π worth" of directions on a horosphere.
• These lift to “4π worth" of spin decorations.

H3

C
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Cosets and spinors

Another interpretation of cosets of P:

• For g ∈ SL2C,

gP = {A ∈ SL2C | A has same first column as g}.

• Letting first column be κ ̸= (0, 0) ∈ C2, we have

SL2C/P ∼= C2
∗ = C2 \ {(0, 0)}.

Thus

SL2C/P ∼= {Spin-decorated horospheres} ∼= C2
∗.

The correspondence C2
∗
∼= {spin-decorated horospheres} is

also achieved by constructions of Penrose–Rindler–Penner–M.,
in which κ is regarded as a spinor.
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Spinor-horosphere correspondence

Theorem (M.)

There is a natural (SL(2,C)-equivariant) bijection
C2
∗ ↔ {Spin-decorated horospheres in H3}.

In the upper half space model, a simple description:

(ξ, η) 7→

(
horosphere centred at ξ/η

with Euclidean diameter 1
|η|2 and direction i

η2

)
(when η = 0, horizontal plane centred at ∞ at height |ξ|2 and direction iξ2)

iη−2

ξ/η

|η|−2

iξ2

|ξ|2
U

C
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Complex 3D lambda lengths

Now consider two spinors and two horospheres.

• Between two corresponding horospheres
• there is a distance ρ
• there is an angle θ between directions (mod 2π).
• there is an angle θ between spin directions (mod 4π).

h2

h1

ρ

θ

γ

Theorem (M.)

det(κ, ω) = e
ρ+iθ

2

Generalises Penner’s λ-lengths
in H2:

λ = eρ/2.

λ = 0 ⇔ ρ = −∞
⇔ h1, h2 have same centre.
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Decorations and decorations

Recall GTZ: A “decoration on ρ : π1(M) −→ SL2C” is a
ρ-equivariant map I(T̃ ) → SL2C/P.

Interpretation in hyperbolic geometry:

• Under a developing map D : M̃ −→ H3, the vertices of ideal
tetrahedra map to points at ∂H3.

• The complex T̃ is obtained by gluing tetrahedra into M̃.
Under D, its ideal vertices map to cusps.

• I(T̃ ) ∼= cusps of D.
So:

• GTZ Decoration on ρ = equivariant choice of spinor /
spin-decorated horosphere at each cusp of a developing
map.
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Generic cosets and decorations

Recall GTZ: cosets (g0P, g1P, g2P, g3P) are generic if for each
i < j , det(vi , vj) ̸= 0, where vi is the first column of gi ∈ SL2C.

Interpretation in hyperbolic geometry:

• Each gjP corresponds to spinor vj , and a spin-decorated
horosphere hj .

• The condition det(vi , vj) ̸= 0 is precisely that the lambda
length hi → hj is nonzero, which is equivalent to hi , hj
having distinct centres.

• So (g0P, g1P, g2P, g3P) is generic precisely when the hj
have distinct centres.

• ρ is generic precisely when it labels the four vertices of
every tetrahedron with spin-decorated horospheres at
distinct points.
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length hi → hj is nonzero, which is equivalent to hi , hj
having distinct centres.

• So (g0P, g1P, g2P, g3P) is generic precisely when the hj
have distinct centres.

• ρ is generic precisely when it labels the four vertices of
every tetrahedron with spin-decorated horospheres at
distinct points.
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Back to GTZ: MAYBE NOW COMPREHENSIBLE

Theorem (GTZ15)

Ptolemy assignments are in bijection with generically decorated
boundary-unipotent hom’s ρ : π1(M) −→ SL2C up to conjugacy.

Boundary unipotent:
• Each peripheral subgroup maps to a conjugate subgroup

of P, i.e. parabolic translations along a horosphere.
Generically decorated:

• Each cusp has a choice of spin-decorated horosphere.
• Each tetrahedron has its 4 vertices decorated with

spin-decorated horospheres at distinct points.
These are the structures in a developing map for a hyperbolic
structure (with branching, folding, but nondegenerate).

Remaining question:
• How to get from Ptolemy assignments to developing maps,

and vice versa?
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Ptolemy equation

Theorem (M.)

Given a spin-decorated ideal tetrahedron in H3, (i.e. ideal
tetrahedron with spin-decorated horospheres h0, h1, h2, h3 at its
vertices), the lambda lengths λij ∈ C between hi and hj satisfy

λ02λ13 = λ01λ23 + λ03λ12.

1 2

3

0

λ12

λ01 λ02

λ23

λ03

Proof: Plücker
relation between
2 × 2 determinants
in a 2 × 4 matrix.
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Idea of the proof

Even better:

Proposition (M.–Purcell)

Given a Ptolemy assignment {cij} on ∆, up to spin isometry
there is a unique nondegenerate spin-decorated hyperbolic
ideal tetrahedron, with λij = cij .

Thus, from a Ptolemy assignment:
• Each ∆ in T is realised by a unique spin-decorated ideal

tetrahedron, up to spin isometry.
• These decorated tetrahedra glue together to give a

developing map for a spin hyperbolic structure,
• Possibly with branching, folding, flat tetrahedra,
• but with each ideal tetrahedron nondegenerate,
• with a spin-decorated horosphere at each cusp.

• This developing map has a well-defined holonomy map
ρ : π1(M) −→ SL2C up to conjugacy.

• This ρ is also the ρ of GTZ.
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Further results

Further results:
• GTZ also associate matrices to the edges of truncated

tetrahedra of the triangulation T : we can show how these
“drive frames” around M̃.



Further results

Further results:
• Zickert (2016) defined an enhanced Ptolemy variety

EPt(T ) allowing for non-parabolic holonomy at cusps, and
showed this corresponded to generically decorated
boundary-Borel representations.

• We can also show how points of EPt(T ) correspond to
singular hyperbolic structures; more technicalities,
relationship with A-polynomial...

• Goerner–Zickert (2018) defined a triangulation indendent
Ptolemy variety Pt(T ); this has a similar hyperbolic
interpretation.



Related work

Related results:
• M., Varsha, Zymaris showed that spinor–horosphere

correspondence applied in arbitrary dimension.
• Howie–Ibarra–M.–Su found all lambda lengths between

maximal cusp neighbourhoods in the figure-8 knot
complement.

• Harif–Howie–Hui–Ibarra–M.–Su (in progres) are finding
many lambda lengths in many arithmetic hyperbolic link
complements.

Further questions:
• GTZ and Z have a Ptolemy variety over any SLnC, not just

SL2C. Similar style geometric meaning?
• GTZ were inspired by work of Fock–Goncharov: further

connections?
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